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Abstract

Stochastic Optimal Control Problems in discrete time lie at the intersection
of optimal control and stochastic programming. Whereas both communities have
their own stack of well established theory and algorithms, recently there is a growing
effort to use techniques from stochastic programming to solve stochastic optimal
control problems. First-order methods are of special interest in this context since
they allow to solve large-scale stochastic programs, which are typical for modern
applications such as power-grid optimization or reinforcement learning. In this
thesis we investigate how to generalize the Dynamic Stochastic Approximation for
multistage stochastic programming (DSA), which was introduced by Lan and Zhou
(2021). We use different saddle-point solvers as sub-routines and employ DSA
to solve stochastic optimal control problems. First we reformulate the stochastic
optimal control problem as a nested sequence of saddle-point problems. Then we
present the DSA method and a variant with the Proximal Method of Multipliers
as saddle-point solver. Finally we apply DSA to dynamically optimize a microgrid
under stochastic power demand and solar production.
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Abbreviations

Abbreviation Full Form

ALM Augmented Lagrangian Method
ADMM Alternating Direction Method of Multipliers
CCP closed, convex, proper

DGF Distance Generating Function

DPE Dynamic Programming Equation

DSA Dynamic Stochastic Approximation
MSSP Multistage Stochastic Program

PDHG Primal Dual Hybrid Gradient

PMM Proximal Method of Multipliers

SDDP Stochastic Dual Dynamic Programming
SOC Stochastic Optimal Control

SP Stochastic Program

w.p.1 with probability one

w.r.t with respect to
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1 Introduction

1.1 Background

Everyone solves stochastic optimal control (SOC) problems heuristically on a daily basis.
We have to make decisions; to do so we form expectations about the future state of the
world and consider how today’s decisions will influence the scope of future decisions. At
least hypothetically, we aim to maximize our overall well-being. Do I study this last
chapter of my university course this evening or meet with my friends? There is a chance
that the instructor won’t ask anything about it in the exam, so my effort would be for
nothing. Do I choose my holiday destination now, while the hotel is still inexpensive but
at the risk of bad weather - or do I wait until the last minute, when the weather forecast
is more accurate.

Formally speaking, the goal of stochastic optimal control is to make sequential optimal
decisions over a time horizon with realizations of a random process between decisions.
Often previous decisions influence the space of subsequent feasible decisions. Stochastic
optimal control is of particular importance in power system operation. Think for instance
of a pumped hydro storage plant. Operators want to maximize revenue from buying and
selling electricity. To decide which amount of water to pump (buying electricity) or
turbine (selling electricity) today, they have to consider what their decision today means
for the storage level in the lake tomorrow and therefore for their ability to pump or
turbine water tomorrow. Between today and tomorrow there might be a rainfall changing
the amount of water in the storage. Besides, tomorrow electricity prices are unknown.
The operators have to account for these uncertainties when making today decision to
maximize total revenue over today and tomorrow. This is just one example of a typical
SOC problem coming up in power system operation.

SOC problems can also be formulated as so-called Multistage Stochastic Programs
(MSSP). The difference between stochastic optimal control and multistage stochastic
programming is more a question of modelling. While SOC makes a distinction between
state- and control-variables, MSSP does not make this distinction. As we will see later,
we can formulate certain SOC Problems as MSSPs.

The goal of this thesis is twofold. At first, we aim to give a unified formulation of SOC-
Problems as MSSPs. And second we present a method to formulate a MSSP as a nested
sequence of saddle-point problems and solve them with state-of-the-art methods from
large scale convex optimization. This reformulation of a MSSP in terms of saddle-point
problems was first done by Lan and Zhou (2021) but has not received much attention
since then. We see it as a valuable tool among the existing methods to solve MSSPs, since
the state-dimension only enters the problem in the dimension of the saddle-point prob-
lems and there exists a variety of well performing methods for large-scale saddle-point
problems. That means this method does not suffer from the classical curse of dimen-
stonality, which denotes the exponential scaling in the state-dimension inherent to many
(stochastic) optimal control solution methods. However, our method scales exponentially
in the number of stages, which only goes linearly in the effort for standard techniques
like Stochastic Dual Dynamic Programming (SDDP) (see section [3). Therefore, Lan and
Zhou (2021) state that their Dynamic Stochastic Approximation method and therefore
also our proposed variants of it can be seen as complementary to Stochastic Dual Dy-
namic Programming (SDDP), which is nowadays one of the standard techniques to solve
MSSPs.



1.2 Contribution of this thesis

This thesis serves as the starting point of a research project where we want to study
the potential of first order methods to solve stochastic optimal control problems. Our
main goal is to generalize the DSA method of Lan and Zhou (2021). They use the
Primal-Dual Hybrid Gradient (PDHG)-method of Chambolle and Pock (2011) to solve the
upcoming saddle-point problems. However, numerical experiments show that their DSA
method converges slowly towards a feasible policy. Since feasibility is crucial in power-
system applications, we replace the Primal-Dual Hybrid Gradient subroutine to solve
the upcoming saddle-point problems in DSA with the Proximal Method of Multipliers
(PMM) of Rockafellar (1976). To our knowledge there has not been any further research
into this DSA-method since the Lan and Zhou’s paper. We implement the DSA with
both subroutines in Python to get numerical insights of the performance of this new
DSA method. Furthermore we present a general reformulation of a SOC as a MSSP. We
then reformulate the stochastic optimal control problem of managing a microgrid under
uncertain power demand and solar feed-in as a MSSP and compare numerical results
both variants of DSA when applied to different instances of this problem.

1.3 State-of-the-art

One of the most widely used techniques to solve multistage stochastic optimization prob-
lems is Stochastic dual Dynamic Programming (SDDP), which was first introduced by
Pereira and Pinto (Pereira and Pinto, [1991). It was originally invented to solve stochas-
tic linear programs to optimize Brazilian hydrothermal power systems. This technique
solves the multistage problem by recursively approximating the later-stage value func-
tions by a convex polyhedral model, starting with the last stage and going backwards
in time. In section |3, we present this method and give a short overview of the existing
literature. In this thesis we take an alternative approach. Similar to SDDP, our starting
point are the dynamic programming equations of the MSSP. And also similar to SDDP,
we heavily rely on the fact that we can obtain a subgradient of a value function by
computing a dual solution. With that first-order information we can solve the Dynamic
Programming Equations (DPEs) with state-of-the-art methods for convex optimization
problems. Most of these methods solve a convex optimization problem by solving the
saddle-point problem of the associated lagrangian. To obtain a subgradient of the value
function, we have to solve the next-stage problem and so on, leading to a solution of the
MSSP by solving a nested sequence of saddle-point problems. In recent years so-called
first order methods to solve convex optimization problems have gained a lot of attention.
They share the advantage of low computational costs at each iteration even for large-scale
problems. They converge relatively fast to a near-optimal and near-feasible point, but
progress after some iterations slows significantly. These properties make them particu-
larly suited for modern (stochastic) optimization tasks arising in machine-learning and
imaging where it is unreasonable to demand accuracies higher than the statistical error
of the input-data. Also in stochastic power-system optimization it is not necessary to
demand for accuracies higher than the expected error of forecasts for prices, renewable-
production and demand. For a comprehensive overview of first-order methods in convex
optimization and contemporary applications see Ryu and Yin (2022), Dvurechensky et al.
(2021) or Beck (2017). One very popular primal-dual method to solve static deterministic
convex optimization problems is the previously mentioned Primal-Dual-Hybrid-Gradient
(PDHG)-method of Chambolle and Pock (2011), which is used as the saddle-point solver
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in Lan and Zhou (2021)’s DSA method. As we will later see, PDHG has some limitations
in achieving good numerical results in this setting. An alternative to PDHG is the clas-
sical Augmented Lagrangian Method or Method of Multipliers (ALM) and its proximal
variant PMM (Rockafellar, |1976). This method adds the squared norm of the constraint
violation to the objective, therefore converging faster towards a feasible point. With this
method, one has to balance feasibility and optimality. This better feasibility convergence
makes Augmented Lagrangian methods well suited for power-system optimization where
problems are often large-scale and feasibility is important. A modern extension of the
ALM is the alternating direction method of Multipliers which is well suited for optimza-
tion problems where two varables in the objective are coupled via an affine-linear coupling
constraint. A contemporary version of ADMM is the Proximal ADMM, see Shefi and
Teboulle (2014). Since in the saddle-point problems we want to solve with ADMM, we
only have first order information on the next-stage value function in the objective, we
need to use a function-linarized ADMM-variant, see Banert et al. (2021). That should
not be confused with the Linearized ADMM, a variant of ADMM where a quadratic term
which always comes up in ADMM-iterations is replaced by a first-order approximation
(for an overview see chapters 3 and 8 in Ryu and Yin (2022)).

The use of first-order methods to solve stochastic optimization problems of the form
min,ey E¢ [F(x, §)] dates back to the invention of the stochastic approximation method
by Robbins and Monro (1951). A recent contribution and the underlying of the DSA-
method of Lan and Zhou (2021) is the monograph by Nemirovski et al. (2009).

1.4 Organization of this thesis

In the second chapter we will introduce the main mathematical concepts and important
results to analyse MSSPs. We introduce the main concepts of convex analysis, set-valued
mappings and monotone operator theory. Since analytical properties of value functions
of parametric optimization problems are crucial for our methods to solve the DPEs, we
will analyse necessary and sufficient conditions on the involved constraints to guarantee
convexity and show how to compute subgradients of the value function of very general
class of parametric optimization problems.

We then go on to discuss solution methods for MSSPs in chapter three. We give a short
overview over SDDP and then show how to reforumalte the MSSPs as a nested sequence
of saddle-poin problems. We introduce the DSA-method of Lan and Zhou (2021) and
state their main convergence results. In order to use different subroutines for the solution
of the saddle-point problems we derive ADMM from an operator splitting method of a
monotone inclusion problem and introduce two important variants.

In the next chapter, chapter four, we demonstrate how to transform a SOC problem
into a MSSP problem in order to apply first order methods.

In the fith chapter we solve a microgrid optimization problem with DSA. We first
formulate the microgrid stochastic optimal control problem as a MSSP and then solve it
with PDHG and ADMM as subroutines with different parameter settings and number of
iterations.

We conclude this thesis with a critical discussion of our findings and an outlook on
further research.



2 Mathematical Background

2.1 Elements of Convex Analysis

We take most of this section from Bauschke and Combettes (2017). Let H be a Hilbert
space.

Definition 2.1 (Convex Function). Let f : H — R U {oo}. Then f is convez, if its
epigraph epi f = {(z,a) € H x R: f(x) < a} is a convez set in H x R.

We call the set dom f = {z € H : f(z) < oo} the domain of f. There are also
equivalent properties to convexity as defined above and often convexity is defined by one
of them.

Proposition 2.2. Let f : H — RU {oco}. Then convexity of f is eugivalent to one of
the following properties

1. For z,y € dom f and X\ € [0, 1]
fQz+ (1= Ny) <Af(z)+ (1 =N f(y), (1)
2. If f is differentiable,
fly) > flz) +(Vf(x),y —z) Ya,y € dom f (2)
3. If f is twice continuosly differentiable
V2f(z) = 0 (3)

We call a convex function proper, if it never attains the value —oo and attains a value
f(z) = a < oo somewhere. We call a convex function closed, if its epigraph is a closed
subset of H x R. Since we will need this three properties of a function f, convexity,
closedness and properness often together we will shortly call f a CCP-function. Even
though we do not assume any sort of differentiability in convex analysis, we can generalize
the concept of a gradient to the setting of convex but not necessarily smooth functions.

Definition 2.3 (Subdifferential). Let f : H — RU{oo} be proper. We call the set-valued
operator

of - H—=PH), x{geH: fly) > f(x)+ {9,y —x) Yy cH} (4)
the subdifferential of f. We call an element g € 0f(z) a subgradient of f at x.

If, however, the function f is given in form of an expectation f(z) = E¢ [F(z,§)], we
usually have to rely on biased estimators of subgradients for f. By introducing the concept
of e-subgradients we can ”shift” the bias which might be added in the computation to an
e and further assume that we can compute unbiased estimators of biased subgradients.

Definition 2.4 (e-Subdifferential). Let f : H — R U {oc} be proper and e > 0. We call
the set-valued operator

Of :H—=PH), v—={geH: fly)> flx)+{gy—x)—eVycH} (5)

the e-subdifferential of f and an element g € O.f(x) an e-subgradient of f at x.
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Definition 2.5 (Stochastic e-subgradient). Let f(z) := E¢ [F(x,€)]. We call a random
variable G(&) a stochastic (e-)subgradient of f at x if fore > 0, G is an unbiased estimator
of an (e-)subgradient, that is

E¢ [G(§)] = g and g € Of () (6)

We can further refine the concept of convextiy.

Definition 2.6 (Strong Convexity). Let f : H — R U {cc}. We say f is u-strongly
convez for a pu >0, if

f(@) = §ll=[? (7)

1S convex.
There is also an equivalent definition of strong convexity in terms of the subdifferential
Proposition 2.7. f: H — RU{co} is u-strongly convex, iff
(u—v,x—y) > pllr —yl||* for all z,y € dom f and u € Of (), v € df(y)  (8)

We say that the subdifferential is a u-strongly coercive operator. We will come back
to the operators later in section We will now introduce a generalized notion of a
distance. This gives us the flexibility to adapt a distance measure to the geometry of our
problem.

Definition 2.8 (Distance-generating function, Definition 6.1 in Staudigl (2024)). Let
X CH be a closed, bounded and convex subset with a norm ||-||. Denote X° the relative

interior of the set X. A mapping ¥ : X — R is called a distance generating function
(DGF) with modulus o > 0 if

e v is CCP with X C dom);
o The set domdy = {x € X : OY(x) # B} is nonempty and conver;
e ) restricted to dom Oy is a-strongly convex w.r.t the norm || - || induced by (-, -)
Then we define the Bregman divergence associated with the DGF v as
Dy(u,x) =¢(u) —Y(x) — (Vi(x),u —x) V(u,z) € dome x dom Oh. (9)

That is the Bregman divergence measures the difference between the function v and its
first order Taylor-approximation at x. Note that D, (u,x) > 0 always since we 9 is convex
and Dy(u,x) = 0 < w = . This justifies the notion of a generalized distance. But in
general D, does not satisfy the triangle-inequality. When it is clear from the context,
which DGF 1 is used in the definition of Dy (u, z), we will just write D(u, x).

Proposition 2.9 (Three-point identity). Let Dy (x,y) be the Bregman-distance associated
with the DGF 1. Then

Dy(u, ) — Dy(y, ) = (Vi (y) — VY (2),u — y) + Dy(u,y) (10)

In particular in the euclidean case v = ||-||* where the norm || - || is induced by the scalar
product (-, ), this yields

lu— 2| = lly — 2[I* = 2y — z,u —y) + [|[u —yl* (11)

Equality 18 sometimes also refered to as completion of squares
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Proof.

Dy (u, x) — Dy (u,y) — Dy(y,x) = ¥(u) — ¥(z) — ¥ (u) + &(y) —(y) + ¢(z)
—(V(2),u —z) + (V(y), u —y) + (Vi(2),y — )
(VY(2),y — u) + (Vi(y), u — y)

= (Vi(y) — V(y),u —y)

(12)
O

We now introduce the concept of convex duality. It allows us to formulate convex
optimization problem in a more abstract setting and from there gain insights about the
original optimization problems. We will only treat this topic as far as we will employ
some of the techniques later but unfortunately cannot give a comprehensive overview of
this interesting field as this would exceed the scope of this thesis. We refer the interested
reader to Bauschke and Combettes (2017), Bot (2009) or Ekeland and Temam ({1999).
The main object of interest is the so called convex conjugate or Fenchel-conjugate of a
convex function f:

Definition 2.10 (Convex Conjugate). Let f : H — RU{oo} be a convex function. Then
the convexr conjugate of f is

f* i H—>RU{—00,00}
@) = Sup {(z,2") — f(z)} (13)

We can also define the conjugate of the conjugate of f, the biconjugate, as f** : H —
R U {—00,00}. Since here we restict ourselves to the setting of Hilbert spaces, which
are self-dual, we will not distinguish between the space H and its dual. In the more
general setting of a vector space X with dual X*, we would have f : X — R U {00}
and f : X* - RU{—o00,00}. From the definition of f* we get immediately a famous
inequality, the Fenchel-Young inequalty: If f is proper,

@)+ f(x) > (2", 2) Va*,xeH (14)

The next theorem is an important result as it states that under some regularity conditions,
f and f** coincide

Theorem 2.11 (Fenchel-Moreau). f: H — RU{oc}. Then f = f** if and only if one
of the following holds

1. fis CCP
2. f=00
3. f=—-00

Proof. In the cases 2. and 3. we see directly f = f** For the proof of 1. we refer to
Bauschke and Combettes (2017), Theorem 13.37. O

There is an important connection between the convex conjugate and the subdifferential
of a f



Theorem 2.12. Let f: H — RU{oco} be CCP. Then

@)+ flx) = (z",2) <= z" € Of (v) (15)
Proof.
" € 0f(x)
& 0€df(x) —a”
(Fermats Rule) < x € argmin o, {f(2) — (z%, 2)} (16)

& & € argmax, oy {(2", 2) — f(2)}

& (" z) = fz) = f(27),

Corollary 2.13. Now since for f CCP we have f** = f, we get

wt e 0f(x) = f(x) = (x,27) — f*(z7)

=y e argzrzlax {{z, 2"y — f*(z")} (17)

Proposition 2.14 (Conjugate of Indicator Function). Let C' C & be a convex cone. Then
the convex-conjugate of the indicator function x — Ia(x) is

Proof.
T(27) = sup {2, 27) —lo(x)} = sup (@, 27) = Tc- (") = Io-(=27) (19)
O

2.2 Set-valued mappings

Let M, B be two sets. A set-value mapping or multifunction between M and B is a
mapping S : M — 2B, In this and the next subsection we state some important
properties of set-valued mappings, taken from Rockafellar and Wets (1998) and Shapiro
et al. (2021). For a multifunction S : R" = R™, we define the domain of S as

dom S = {z € R"|S(z) # 0} (20)

and the graph of S

gph S = {(z,u)|u € S(z)} C R" x R™. (21)
We call a multifunction S convez-valued on a convex set C' C R", if S(x) is a convex set
in R™ for all z € C.

Definition 2.15 (Convex Multifunction). A multifunction S : R™ == R™ is called convex
on a conver set C' C R", if

gph SN (C x R™) (22)
is convez or equivalently for xi,z5 € C, X € (0,1)

or equivalently for y; € S(x1), y2 € S(x2), A € (0,1),
)\y1 + (1 — /\)y2 c S()\Il + (1 — )\)372) (24)
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Lemma 2.16. Let 51,5 : R" = R™ be two conver multifunctions. Then the multifunc-
tion S : R™ = R™ defined by
S(x) = S1(z) N Sy(x) (25)

1S convez.

Proof. We need to show gph(S; N Ss) = (gph S1) N (gph Ss).

(x,u) < gph(51 N Sg) < u c Sl(ZL'), u € SQ(.I‘)
< (z,u) € gph Sy, (x,u) € gph S, (26)
< (2,u) € (gph S1) N (gph S2)

We have that gph S;N(C' xR™) and gph Sy N (C x R™) are both convex sets and therefore
gph(51 M .S3) N (C' x R™) = (gph S1) N (gphS2) N (C < R™) (27)
is a convex set. L

In the next proposition we will see that convexity of a multifunction S(z) induces
convexity of its indicator function Ig(,)(y).

Proposition 2.17. If S : X = R™ is a convex multifunction, then the indicator function
(z,y) = Ls@)(y) is jointly convex in (x,y).

Proof. By definition Ig(,)(y) is convex in (z,y), iff for 1,2, € X, 41,y € Y and A € (0,1)
Lsvr+a-naz) Ay + (1 = Ny2) < Mgy (91) + (1 = Ns(a,) (y2) (28)
which holds in any of the following three cases
L Ayr + (1 — Nya € S(Axy + (1 — A)zg) (then LHS is zero)
2. y1 ¢ S(x1) (then RHS is infinity)
3. y2 & S(x2) (then RHS is infinity).

Assume now that S is a convex multifunction and y; € S(z1), y2 € S(x2). By the
definition of a convex multifunction for A € (0,1),

A1+ (1= Ny € S(Azy + (1 — N)zo). (29)

and therefore 1. is satisfied. If on the other hand either y; ¢ S(z1) or yo ¢ S(z2)
2. or 3. is satisfied. That is in any case, if S is a convex multifunction, Igq)(y) is
convex in (z,y). Assume that S is not convex, that is there are points x1, o € X and
y1 € S(x1), y2 € S(x2) and a A € (0, 1) such that

A+ (1= XNya & S(Azy + (1 — N)xo). (30)

Then for these combination of points x1, x2, 41,42 and parameter \, the LHS of is
oo but the right hand side is zero, therefore Ig()(+) is not convex. O



2.3 Measure Theory

In Multistage stochastic optimization we deal with problems of the form

:Erréur‘l;\f f(x) + E¢[G(x,€)]

s.t. G(x,&£) = min , T, &),
(,6) = min g(y,o,¢)

we are interested in the interchangeability of the expectation operator and the min-
imization operator. Let €2 be an arbitrary set and A a o-field on 2. For a set valued
mapping S : 2 = R”, the preimage of a set A C R” is defined as

(31)

SHA) =5 (@) ={weQ|Sw)nA#0}

z€A

For the expectation of the value function - to be well-defined we first have
to ensure that the value function is measurable. We will use some theory which we take
from Rockafellar and Wets (1998) and Shapiro et al. (2021). We begin with the basic
notion of measurability of set-valued functions.

Definition 2.18 (Measurability). A set valued mapping S : Q@ = R" is called measurable
if for all open sets O C R™ the preimage is measurable, that is S~'(0) € A.

Most interesting features of measurable set valued mappings require closed-valuedness.
Therefore we will restrict ourselves to closed valued-mappings, which is not much of a
restriction in practical applications, since there most of the time we have closed-valuedness
(see Rockafellar and Wets (1998)). Furthermore we have the following nice property which
gives us that

Proposition 2.19 (Proposition 14.2 in Rockafellar and Wets (1998)). For S : Q@ = R"
we have that

w > S(w) measurable = w — cl S(w) measurable

For a function f : R™ x Q — R we define the epigraph mapping as
Sy(w) 1= epi f(-,w) == {(z,0) ER" x R: f(z,w) < a}

Definition 2.20 (normal integrand). A function f : R x Q — R is called a normal
integrand if its epigraph mapping Sy(-) is a closed valued and measurable multifunction.

Remark 2.21. In the context of stochastic programming, normal integrands are also
called random lower semicontinuous functions.

There is a slightly smaller class of functions which are normal integrands, so called
Carathéodory functions, which are the main class of functions, sotchastic optimization
deals with.

Definition 2.22 (Carathéodory function). A single-valued mapping f : R* x Q@ — R™ is
called a Carathéodory function if the following two conditions hold:

1. For fized x € R", f(x,-) is measurable



2. For a.e. fivted w € Q), f(-,w) is continuous.

Theorem 2.23 (Theorem 14.37 in Rockafellar and Wets (1998)). Let f : @ x R® — R

be a normal integrand. Define
p(w) = inf f('uw)u P(w) = argmin f(’?w)

Then the function p : 2 — R is measurable and the set valued mapping P : 2 = R" is
closed valued and measurable.

In particular, therefore the set A = {w | argmin, f(z,w) # 0} C Q is measurable, and it
is therefore possible for each w € A to select a minimizing point x(w) in such a manner,
that the function w — x(w) is measurable.

This gives us the measurability of value functions.

Definition 2.24 (Measurable selection). A measurable selection of a set valued mapping
S Q = R" is a measurable function x : domS — R"™ such that for all w € dom .S,
z(w) € S(w).

There is an important interconnection between measurability of set valued functions
and the existence of measurable selections.

Theorem 2.25 (Measurable Selection Theorem). Let S : 2 = R” be a closed-valued
mapping. Then, S is measurable, iff dom S C €2 is measurable and there exists a count-

able family {x"}, o of measurable selections x : dom S — R", such that for every w € Q,
the set {x"(w) : v € N} is dense in S(w).

Proof. First assume that there is a countable family of measurable selections {z"} of S.
Let O C R™ be an open set. We need to show that S™'(Q) is measurable. We show that

S7H0) = J{we:2"(w) € O}.

veN

Therefore let w € S7HO) = {w e Q: S(wNO # 0)}, which implies S(w) N O # 0. Let
a € S(w)yNO C R". Then 3 e-neighborhood B.(a) C O of a in O. But also, since
{2¥(w)}, ey is dense in S(w), Ty € N sit. 2*(w) € B.(a) C O. Therefore 2" (w) € O
and thus w € {w € Q: 2" (w) € O}, which gives in total

STHO)C (J{we:a"(w) € O}

veN

Now let w € [, ey {w € Q2 : 2¥(w) € O}. Then there exists 1y € N such that 2" (w) € O.
But since 2°(w) € S(w), we have that S(w) N O # (), which gives us together with
the above inclusion that S'(Q) is the countable union of measurable sets and therefore
measurable.

For the reverse implication that every measurable set-valued mapping S has a measurable
selection, see Theorem 14.5 in Rockafellar and Wets (1998) ]

Lemma 2.26 (Corollary 14.6 in Rockafellar and Wets (1998)). Every closed valued mea-
surable mapping S : Q = R™ has a measurable selection.
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2.4 Interchangeability principles

We need one last definition about function spaces:

Definition 2.27 (Decomposable space). A linear space X of measurable functions x :
Q — R" is decomposable w.r.t a measure u on A if for every function xqg € X, every
set A € A with u(A) < oo and bounded, measurable function x1 : A — R™, the function
x:Q — R" defined as

z(w) = zo(w)loya(w) + 21 (w)1a(w)
s also an element of X.

Probably the most important examples of a decomposable space are the Lebesque
spaces LP(§2, A, ) for p € [1,00]. To be decomposable, a linear space X must in partic-
ular contain every bounded measurable function that vanishes outside some set of finite
measure. (Rockafellar and Wets (1998)). We now clarified all important notions to state
the interchangeability principle.

Theorem 2.28 (Theorem 9.108 in Shapiro et al. (2021)). Let X be a

p-decomposable space of measurable functions x : Q@ — R™ for a o-finite measure p on
A. Let f:R" x Q — R be a normal integrand. Then, as long as E [f(x(w),w)] < oo for
some x € X,

E {mf f(z, w)} = inf E [f(x(w),w)] (32)

z€R™ XEX

Moreover, if the common value is not —oco, one has for X € X that

X € argmin E [f(x(w),w)] <= X(w) € argmin f(z,w) for a.e. w € Q and x € X
XEX z€eR™

2.5 Multistage stochastic optimization models

The general T-stage stochastic optimization problem can be formulated as

T2 €X2(x1,82) JJTEXT(xT—lva

where f, : R x R* — R, t = 1,...,T € N are the objective functions, &(w)
(&1(w), ..., &r(w)) is a random process on the probability space (€2,.4,P) and & is de-
terministi(ﬂ and X, : R™ 1 x R% = R™, t 4+ 2, ....T is a measurable closed-valued
multifunction. The first-stage feasible set is a deterministic set A;. Even this problem
can be furher generalized. We could for example replace the expectation operator with a
general risk measure R (see e.g. Shapiro et al. (2021), ch. 6) or allow for an infinite time
horizon. In this thesis we want to deal with multistage stochastic optimization problems
which satisfy the following assumptions

Minx1€)(1 fl ($1) + E\& |: mf {fQ (272, 52) R E‘f[T—l] mf ZL‘T, ST :| }:|
33)

1. The time horizon T is finite and deterministic.

2. The probability distribution of the random process (§).cpry is known.

lwe write & = (&1, ..., &) for the whole history of the process up to time ¢
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3. The randomness is exogenous. That is the random variables (& )¢c[r] are indepen-
dent from the decision variables (x;):c[ry-

Remark 2.29. Note that at this point we have neither made some assumptions on the
dependence of the random variables & and {1 nor on the convexity of the stage-cost-
functions f;. Both are crucial properties which we will discuss later and make some
assumptions there.

Definition 2.30 (Policy). A policy (also called decision rule) for problem is a
sequence {xl,Xg(f[Q]), ...,XT(§[T])} of measuarble mappings x; : R x ... x R% — R™,

Since we have to make a decision x; after we observed the realization of the randomness
&, we only can state a solution z; = x; as a function of £ and therefore we deal with
an infinite dimensional optimization problem where we choose x; from an appropriate
function-space.

Remark 2.31. If our probability space is discrete, i.e. on stage t there are only K < oo
possible outcomes of & = & (wk), k= 1,..., K, we can index our solution as x;(&(wg)) :=
x¥ and the optimization is performed over vectors x, € R™E in the finite dimensional
space R™K

Definition 2.32 (Feasible policy). A policy x is called feasible, if xt1 € X; and for
t=2..,T
Xt(f[t}) € X(Xt—1<€[t—1]>’§t> w.p.1. (34)

With the tower property of the expected-value operator |E [E‘y (X ]] = E [X], we can

rewrite as

min B (i) + Fabl§): &) + -+ Frer(§). ) (35)

st. x € Ay, Xt(f[t]) € Xt(xt—l(f[tfl})vgt)a t=2,..T

The interchangeability principle Theorem allows us to reformulate problem in
terms of so called value-functions. This leads to the dynamic-programming formulation
of our multistage stochastic optimization problem. Therefore for the last stage T" define

the value-function .
Vr(zr-1,ér) = min  fr(zr, &r) (36)

xr€X(xr_1,4T)

and recursively for stages t = 2,...,T — 1

Vi1, f[t]) = xtex%ifl £ {ft(xt’ &)+ E|5{t] [‘/t—i-l(xt? 'f[t+1])]} 37)

= min T, &) + Vi1 (T, \

o {ft( t,&t) + Ve (s f[t])}

where we definded the expected value-functions v,y1(z¢,&). In particular at the first

stage, where & is deterministic we solve the deterministic finite-dimensional problem
min f1 (1) + va(z1). (38)

Now if we could evaluate the value function v, (z1) at every x; we could simply solve as

a standard optimization problem. Unfortunately we rarely have an analytical expression

for v. Nevertheless, under certain regularity conditions, we can do some calculus on value

functions. We will see some important properties of value functions in the next chapter.
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2.6 Analytical Properties of Value Functions

In optimization we are mostly interested in convexity of a function and how to calculate
(sub-gradients). We strongly follow Chapters 2 and 9 of Shapiro et al. (2021). Let
¥ R" x R? — R U {oo} be convex and extended-real-valued. Define the value function

V(s) = inf ¢(z,s) (39)

r€R™

Note that if dom ¢ (-, s) = () at s € RP, we have V(s) = oo. The proof of the next theorem
is taken from Fiacco and Kyparisis (1986).

Theorem 2.33 (Convexity of the optimal-value function). Let first 1) : X x S — R be a
jointly convex function on the convex sets X C R", S x RP. The optimal-value function
V:S—=>RU{—00,00}, V(s):= ing Y(x,s) is conved.

se

Proof. For s1,s, € S and A € (0,1), we have

V(As1 4+ (1 = N)sg) = ;g)f( P(As1 + (1 — N)sg, x)
= iIlew()\Sl -+ (1 — )\)82, )\1’1 -+ (1 — )\)332)

T1,T2€
< i ixnfEX {Ap(s1, 1) + (1 — N)(se,22)} (40)
= nf Ap(s1,21) + inf (1—A)y(sz, 22)

= )\V(Sl) + (1 - )\)V(SQ)

O
Consider now the two-stage problem with first stage
min f(2) + E¢ [V(z, )] (41)
where V(z,¢) is the value-function of the second stage problem
V(z,§) = min g(z,y,¢). (42)

y€G(z,y,6)

We now want to study conditions under which the extended-real-valued function ge(x,y) =
G(z,y,8) = g(z,y) + Ige(y) for convex g remains convex in . We know from Propo-
sition that if 2 — Ge¢(z) is a convex multifunction (Definition [2.15). It remains to
investigate, which multifunctions are convex. In multistage stochastic optimization, often
the stages are connected via some recourse function of the form

Ge(z) ={yeY: T(z,§) + W(y,£) € =C}, (43)

where the set Y C R™ is closed and convex, T = (t1,....t;) : R* x £ = R, W =
(wy,...;w;) : R™ x & — R and C' is a closed convex cone. In the next proposition we will
see, that a cone C' C R™ defines a partial order on R™.

Proposition 2.34 (Partial Order induced by a Cone). Let C C R™ be a closed convex

cone. Then by defining
a=cb < b—-—acC (44)
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we have a partial order "<¢c”7 on R™, that is for x,y,z € R™

(Antisymmetry) © <c vy, y [c r <= r =1y
(Reflexivity) x <¢c x (45)
(Transitivity) x <c y, y I¢ 2 — = <¢ 2.

Furhtermore we have for a € R the scaling

Ifa>0, r 2cy = azr 2c ay
and if a <0, r ¢y = ax =c ay

Proof. We skip the proof here. O]
That means we can write T'(z) + W (y) € —C equivalently as T'(x) + W(y) <¢ 0

Example 2.35. 1. If C := R, the expression T¢(x) + We(y) <c 0 means t;(z,€) +
wi(y,£) <0, i=1,...,1.

2. If C := {0}, the recourse-constraints read t;(x, &) + w;(y,&) =0, i =1,...,1

Therefore in this notation we can incapsulate convex optiimization problems with
equality and inequality constraints.

Definition 2.36 (Convexity w.r.t. Cone). Let C' be a closed conver cone. We say a
mapping G : R — R! is convex with respect to C, if the multifunction M (z) := G(z)+C
is convez or equivalently for x1,z5 € R, X € (0,1)

GAz1+ (1 — Naxg) ¢ AG(z1) + (1 — N)G(x9) (47)

Now we are able to deduce convexity of G¢(x) from cone-convexity of the multifunc-
tions T and We:

Theorem 2.37. If C C R! is a closed convex cone and the multifunctions T : R — R!
and We : R™ — R! are convex w.r.t C, then the multifunction Ge : R™ = R™ defined by

Ge(x) ={yeY: T(z,§) + W(y, &) € =C4, (48)

Proof. Fix § € £ and pairs z; € R",y; € R™ and 22 € R",yo € R™ such that y; €
Ge(x1), Y2 € Ge(x2). Then we have

Te(x1) + Welyr) Zc 0, Te(w2) + We(y2) < 0 (49)
Since we assumed T and We to be convex w.r.t C, we have for a A € (0,1),
Tg(/\l’l + (1 - >\)I2) jc /\Tg(]?l) + (1 - )\)T(%Q) (50)

and the same with T¢, x5 respective W, y1,92. Since by definition the cone C' is convex
ift C'+C C C, we also have

Tg()\xl + (1 — )\)932)—|—W()\y1 =+ (1 — )\)yg)

e ATe(e) + Weln) + (- N(Welw) + Welw))
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and by the transitivity and scaling of <¢ we arrive at

Tg()\l‘l + (1 - )\).TQ) + Wg()\yl + (1 - )\)yQ) jc 0 (52)

which induces
Ayp + (1= Nya € Ge(Azy + (1 — N)za), (53)
which verifies that G is a convex multifunction. O]

Example 2.38. 1. If C := R, and t;(-,§), w;(-,€), i =1,...,1 are convex functions
then Ty and We are convex w.r.t. C and therefore Ge is a convex multifunction

2. If C == {0} and t;(-,&), wi(-,§), i = 1,...,1 are linear functions, then Ty and W
are convex w.r.t. C' and therefore G¢ is a convexr multifunction

3. If we encode with

Gre(x) ={y €Y : Tie(x,)+ Wige(y) eRL}, (54)
inequality recourse constraints and with
Gog(x) :={y €Y : Tog(x,) + Waely) eRLY}, (55)
equality recourse constraints, we have a convex constraints-multifunction Ge(r) =
Gre(x) NGag(x)
Lemma 2.39. The conjugate of V is
Vi (s7) = (0, 57) (56)
Proof.
v (x*,s") = sup  {{z",x)+ (s",s) —¢¥(x,s)} (57)

(z,5)€R™ xRP

and therefore

Vi(s™) = sup {(s",s) = V(s)}

seRP

= suwp {5 int 0t (59

seERP

= sup {<S*7S> —1/)(1’,8)} = W(Oa 8*)

(z,s)€R™ xRP

O
Then by definition
V) = sup {(5) = 07057 (59
s*eRP
We call . i} i}
sup {(s*,s) —¢"(0,5%)} (60)
s*eRp

the dual problem to (39). We know from Theorem that V is convex. Furthermore
we know from Corollary that

0V (s) = argmax {(s*,s) —¢*(0,s")} (61)

s*eRp

We now want to calculate subgradients of V' at s for different instances of this problem.
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Proposition 2.40. Consider the following problem:
V(s) = min f(z)
zeX (62)

st. G(x) Z¢s

where f: R" x R — R U {oo} is a convex extended-real-valued function, C' C R™ is a
convez cone and G : R™ — R™ is convez w.r.t the cone C (see Definition [2.56). Then

OV (s) = argmax L(z,y) (63)

yeC*

where L is the Lagrangian to @ and C* is the dual cone. In light of that means
an subgradient of V' at s is a dual solution of (@)

Proof. By setting f = f + Ix and F = I, we can write V(s) = m%@n f(z) + F(s —
TER™
G(z)) = m]}gn Y(z,s) and 1 is convex under the above assumptions. First we calculate
T€R™

the conjugate of ¥
U@t s) = osup {(a%, @) + (5T, s) - f(z) - F(s — G(2))}

(z,s)ER™ xXRP

= sup {(ﬂf*,w) — f(2) + (s, G(2)) + sup {(s", (s — G(x))) — F(s — G(iﬂ))}}

zeR" SERP
(64)

Now by a change of variables r = s — G(x), which is possible since we perform the
supremumg over s in all R? we have

sup {(s", (s = G(2))) + F(s = G(x))} = sup {(s",7) = F(r)} =lo=(s")  (65)

sERP reRP

and hence

Pr(a",s%) = sup {(z7,x) = f(x) + (s, G(2))} + Lo (57). (66)

zeX

Plugging this into the definition of the dual with z* = 0 we have

V**(s) = sup {(s*, s) + inf {f(x) — (s*,G(z)) + ]Ic*(s*)}} (67)

s*€RP reX
By defining L(z, s*) = f(x)+ (s*, s — G(z)) we get the classical Lagrangian dual problem
sup L(z,y). (68)

yeC*
O
Now we want to generalize the dependence of on s.
Corollary 2.41 (Proposition 2.22 in Shapiro et al. (2021)). Assume the problem reads
V(s) = min £(a)
st. G(x) 2¢ —T(s),

where T : RP — R™ s also conver w.r.t the cone C. Further assume that T is differen-
tiable at s and strong duality for (@/ holds. Suppose that

0€{T(s)+VT(z)R"™ —domV}. (70)

(69)

Then
OV (s) = VT (s)'D(s) (71)
where D(s) is the set of Dual solutions to (69).
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2.7 Monotone Operator theory

Let us now come back to set-valued mappings. In this section we will employ them in a
different context to solve convex optimization problems. In the earlier section we used
them to write parametric constraints as values of set-valued mappings. Now we will show
that we can transform an optimization problem into the problem of finding an x such that
for a set valued mapping 7', 0 € T'(x) or 0 € ZerT. This problem is called an inclusion
problem and we call the mapping 7" in this context a (set-valued) operator. Today it is
the state-of-the-art to formulate and analyse convex optimization problems within the
framework of operator inclusion problems. The bridge between convex optimization and
operator inclusions is fermats principle, which is a generalization of the well known first-
order condition for extremas in smooth optimization.

Theorem 2.42 (Fermat’s principle). Let H be a Hilbert space, f : H — R U {co} be
convex and proper. Then
x € argmin f <= 0 € Jf(x) (72)

Again as in the definition the subdifferential 0 f(z) of a convex function f at z is
a set-valued operator df : R = R"™. We know want to give a brief overview of operator
analysis in order to later formulate the Alternating direction methods of multipliers as
an instance of an operator-splitting. By shifting convex optimization problems into this
more abstract world of operators, the asymptotic convergence proofs of methods such as
basic gradient descent become two-liners. A very readable resource on the connection of
convex optimization and operator theory is Ryu and Yin (2022). For the more advanced
reader, Bauschke and Combettes (2017) present this topic in the more abstract setting
of an infinite dimensional Hilbert space. In the remainder of this section we shortly
introduce the most important notions and properties of operator analysis. We hereby
follow closly Ryu and Yin (2022) and also skip most of the proofs. Again for a detailed
introduction we refer to the literature. We start with some basic properties of an operator
T:R" = R™. We write Tz := T (z).

Definition 2.43. We call an operator L-Lipschitz for an L > 0, if
lu — || < L[z — yl| for all (z,u), (y,v) €T (73)

Note that if T" is Lipschitz, it is single valued, since otherwise we could set x = y
on the right-hand side but can choose u # v on the left-hand side. We will also write
||Tx — Ty|| instead of ||u — v|| ¥(x,u), (y,v) € T although technically there we take the
norm of a set. For the remainder of this section, we will deal with a specific class of
operators, so called monotone operators.

Definition 2.44. An operator T : R = R™ 1is called monotone, if
(Te —Ty,z —y) >0 Vz,y € R". (74)

Single valued monotone operators are exactly the non-decreasing functions. A further
important property of monotone operators is maximality.

Definition 2.45. An operator T is maximal monotone, if there is no other monotone
operator S, such that gphT C gph S.

We can further refine the notion of monotonicity by introducting strong monotonicity.
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Definition 2.46 (strongly monotone). An operatorT : R™ = R" is p-strongly monotone,
or p-coercive, if p > 0 and

(Tx —Ty,x —y) > pllz —y|*. (75)

Definition 2.47 (cocoercive). A single valued operator T : R™ = R™ is [3-cocoercive, if
T—1 is B-coercive. This is equivalent to

(Tw = Ty,x —y) > B||Tx — Tyl[> Yo,y € R" (76)
By the Cauchy-Schwarz-inequalty we have for a -cocoercive operator
A7z =yl > ||Te — Tyl Va,y € R™. (77)

There is a direct connection between convexity properties of a fuction f and monotonicity
properties of its subdifferential Of:

Lemma 2.48. Assume f is CCP. Then
1. f is p-strongly convex, iff Of is p-strongly monotone
2. f is L-smooth, iff Of is (1/L)-cocoercive

Definition 2.49 (Nonexpansive, Contraction). We say an operator T is nonexpansive,
if |Te —Ty|| < ||z —vy|| Vo,y € domT. This is equivalent to saying T is L-Lipschtiz with
L=1. IfT is L-Lipschitz with L < 1, we say T is a contraction

Proposition 2.50 (Operations preservinge contraction, nonexpansiveness). For two non-
expansive operators T, S the composition T'S is nonexpansive. If at least one of T and S
is a contraction, T'S is a contraction. Furthermore the convexr combination 0T + (1 —0)S
with 6 € [0, 1] of two nonexpansive operators T, S is nonexpansive. And if T is contractive
and 8 >0, 0T + (1 — 6)S is contractive.

Definition 2.51 (Averaged operator). Let S be nonexpansive. The operator T := (1 —
) +0S, 0€(0,1) is called O-averaged

We will later see that we often can find solutions of a monotone inclusion problem
for an operator 1" : R" = R" by finding a fixed point of another operator S : R" — R",
that is a point x € R" satisfying = Sx. This is done by a so called fixed-point iteration
or Picard-iteration, that is we produce a sequence {z*}rey with 281 = Tz%. If S is a
contraction on R”, then the classic Banach fixed-point theorem states that S has at least
one fixed point and a fixed point iteration converges towards this fixed point (see for
example Bauschke and Combettes (2017), Theorem 1.50). Most operators of interest do
not posses the nice property of being a contraction. But luckily also fixed-point iterations
with averaged operators converge towards a fixed-point, if one exists. Such an iteration
is called Krasnosel’skii-Mann-iteration.

Theorem 2.52 (Theorem 1 in Ryu and Yin (2022)). Assume T : R" — R" is 0-averaged
with 0 € (0,1) and T has at least one fized-point. Then for any starting point z° € R™,
the Picard-iteration "1 = Tz* converges to one fized point, that is

* — 7 (78)
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for some T € FixT. The quantities dist(x® FixT), ||zFT1 — 2*||, and ||z* — Z|| for any
z € FixT are monotonically nonincreasing with k. Finally,

dist(2*, Fix T) — 0 (79)
and 9
k+1 k|2 < dist 0 Fix T 2
||z z"|| _—(k+1)(1—0) ist(z”, Fix T') (80)
Proof. For the proof, see Ryu and Yin (2022), Theorem 1. m

This theorem becomes even more usefull in light of the next statement which shows
us, that we can ”average” a nonexpansive but not necessarily averaged operator T to find
its fixed-points.

Lemma 2.53. Let T' be a nonexpansive operator and choose 0 € (0,1). Define the
averaged operator T := (1 — 0)1 + 0T. Then

FixT = FixT (81)

We will now come to some more concrete examples of monotone operators. Let A be
an operator. The resolvent of A is the operator

Ja= T+ AL (82)
From the resolvent we can define the reflected resolvent or Cayley-operator of A:
Ry:=2J4—1. (83)

If A is maximal monotone, J4 is (1/2)-averaged with dom J4 = R™ and R4 is nonex-
pansive single valued with dom R4 = R™. The next theorem connects inclusion problems
with fixed-point problems.

Theorem 2.54. Let A be mazimal monotone. Then
OcAr <=z cao+ Av <= Jaz = z. (84)

Another important operator in convex analysis is the prozimal operator of a CCP-
function f. For o > 0 define

Proxas() := argmin {af(z) + slle = 2%} (85)

The proximal operator is a generalization of the projection operator. Consider a convex
set C' C R". Then I¢(z) = argmin {1/2||]z — z||*} = Proxy.(z). For many functions
zeC

f, the evaluation of the proximal operator Prox,s is quite cheap, in some cases it even
can be done analytically. A list of proximal operators can be find for example online at
Chierchia et al. (2020). We have for f CCP and a > 0

Ja@f = PI"OXaf (86)

which allows us to evaluate the resolvent and therefore also the reflected resolvent. We
also get a formula for the prox-operator of a conjugate function.

v = Prox,pary(2) <= v=z-aAx
x € argmin {f(z) — (z, Ax) + %||Am||2} (87)

For the reflected resolvent we have the identity

Raa(l +ad) = I — aA. (88)
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2.8 Douglas-Rachford-Splitting

We now want to present one famous operator inclusion problem and its connection to
convex optimization, the so called Douglas-Rachford-splitting. The aim is to solve

find 0 € (A+ B)z (89)

rER™

with maximal monotone operators A and B. We show how to reforumalte this as a
fixed-point problem. Therefore observe, that for any o > 0, we have

0e(A+B)jz=0e (I +adA)x— (I —aB)x
& 0€(I+al)xr — Rup(l +aB)x
& 0€ (I +alA)x — Rupz, z€ (I +aB)x
< Ropz € (I 4+ aA)Jypz, © = Jupz
& JoaRopz = Jupz, © = Jop2z

(90)

& RoaRapz = 2, x = Jup2

This splitting is called the Peaceman-Rachford splitting. The operator R, R,p is only
nonexpansive, so the fixed-point iteration

= RoaRap(2Y) (91)
is not guaranteed to converge. Therefore we average with 1/2. We remain with
0€ (A+ B)z < (314 3RaaRun) (2) =2, = Jup(2). (92)

This splitting is now called Douglas-Rachford splitting (DRS). The fixed-point-iteration

with DRS reads
xk+1/2 = JaA('Zk)
.Tk+1 — JaA(kaJ-f—l/Q _ zk‘) (93)
Zk+1 _ Zk + $k+1 o l,k-‘rl/Q.

By Theorem it converges for any a > 0 towards a zero of A+ B if Zer(A+ B) # 0.
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3 Multistage Stochastic Optimization Methods

In this section we investigate methods to solve multistage stochastic optimization prob-
lems of the form

min x1,c1)+E min To,C) + -+ E min TT,C
Arz1—b1€Kq fl( 1 1) Ao Bozi—by€ ks f2( 25 2) Agag—Bpap —bp Ky fT( T, T)
r1€X1 T2€X2 zr€XT
(94)

(Shapiro et al., 2021) with decisions {z1,%2(g)), ..., xr(§r)) } and uncertainty &(w) =
(ct, Ay, By, by) with ¢, € Rt A, € Rlexm - B, € Rlexm-1 and b, € R% and convex cones
K, t =1,...,T. The first stage data c;, Ay, by is deterministic. Note that here we have
replaced the general recourse constraint x; € X (z;_1,£) with the linear-affine recourse
Ayxry — Byry_1 — by € K. First we will give an introduction into stochastic dual dynamic
programming, which is widely used to for MSSPs. Then we will present another viewpoint
of multistage stochastic optimization methods, which is from the perspective of recursive
saddle-point problems, which makes MSSPs amenable to first-order methods from static
convex optimization.

3.1 Stochastic Dual Dynamic Programming

In this section we want to give a short overview Stochastic Dual Dynamic Programming.
Since SDDP is not the type of method investigated in this thesis but is often used as
a benchmark to test new methods against, we see it important to present it here but
will refer to the classical literature for details. We will give a short overview of some
important work at the end of this section. For an excellent overview of SDDP and all
its properties and extensions, see Fiillner and Rebennack (2023). If not stated otherwise,
we rely in this section on the presentation of SDDP therein and in Shapiro et al. (2021).
For SDDP to work properly we make additional assumptions to the ones on (94)

1. The objective functions f;(-,-) are random l.s.c. and f;(+, ¢;) are convex for a.e. & .

2. The random variables & have discrete support Z; with |Z;| = N;. Denote N =
7, Ny

3. The random variables &; are stagewise independent, that is & is independent of &,
whenever s # t.

4. The feasible sets X; C R™, t =1,...,T are closed and convex.
5. The cones are trivial K; = {0}, t=1,...,T
6. The problem has relatively complete recourse.

We therefore have a convex multistage stochastic program with linear dynamics. Assum-
pions 2. and 3. are very restricitve since in real world applications most of the time
we face continous unvertainty with at least markovian stagewise dependency. In case
of a continously supported random process, we discretize the support and draw samples
from this discretization. This approximate model of our true optimziation model is the
so called Sample-Average-Approzimation (SAA) and is not only the setup for SDDP but
a general technique in Stochastic Programming (cf. Shapiro et al. (2021), ch. 5). For
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the moment we assume that we have stagewise independent random variables and the
SAA-model of a multistage stochastic program. As in — we can write as a
sequence of dynamic programming equations with the t-stage value function

Vi(xi—1,&) = xnél)r(l {filx, &) + v () : Ay — By =0}, t=1,..,T,
vt(xtfl) = Eét [V;f(xtfla ft)] A 17 X) T7 (95)

vy = 0.

We know from Theorem [2.33|that under the above assumptions the cost-to-go-function
Vi(+, &) is convex and therefore also vy(-) = E [Vi(-,&)] is convex. The main idea of the
SDDP algorithm is to approximate the convex v(-) with the maximum of a collection
of affine cutting planes I*(z) = a + 87z, i = 1,..., N. This idea was first introduced by
Kelley (1960) and is therefore called Kelley’s cutting plane method.

We denote such a polyhedral outer approximation of v(-) as V,(-), and given an approx-
imation V,(+), we denote

Vi(xi-1,&) = nin {filze,c) + Vi (@1) Ay — Bywyy = by} (96)
and correspondingly

v (w-1) = B, [V (241, 6)] -

We will now state in detail the procedure of one iteration ¢ of SDDP. In each iteration 7 of
SDDP. To focus on the main principles of the algorithm, we omit the index i of the current
iteration here. We first pick a set of feasible points (candidate points) Zi, ..., z7. We call
this the forward pass. Then at each stage, beginning with the last one, we calculate a
cutting plane approximation of the value function at the candidate point. We refer to
this as the backward pass. First assume we have a set of candidate points Zy, ..., Z7 and
present one backward pass.

We start with the problem at last stage ¢t = T'. For a given realization f% of &0 and a
candidate point Zp_; we have

Vi (Zr_1,8) = Ig(n {fr(z.c}), Apx — Blar_, = b}, (97)
T T

which is a convex optimization problem.. Assume that total duality holds for . We
know from section that we obtain a subgradient of by solving its dual problem.
Then by Corollary with the dual solution 7, we get a subgradient g}, = BJTn). of
VT(-,f’%) at Tp_1. We calculate the expectation of the subgradients g7 := E [gﬂ which

gives us a new cut for vp:

vr(z) = lr(z) == vr(Tr-1) + (97, & — Tr_1) (98)
Given a set of candidate points 7% |, k = 1,..., K, and cutting planes I%(z) := vp(z%_ )+
(gh, x — z% ) we calculate a polyhedral approximation as
. k
Vy(r) == max {iz(x)}. (99)

If we already have a current polyhedral approximation Vi ' from an earlier backward-
pass @ — 1 of SDDP, and compute a new approximation V,, we can update the current
approximation by taking the maximum of both approximations:

Vi (z) := max {ZiT_l(ZL‘),MT(l’)} . (100)
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Now for stage 7' — 1 we want to obtain an approximation for v;_;. Therefore again we
need to compute for each realization & | of {&r_1 a subgradient g7, , of Vi (& ).
Remember that

Vi(or_, ftj) = min {fol(xa 0971) +Vr(z) B%fleTfZ + Aijl:U = b]ffl} (101)

Z'GXT,l

and V(7) is convex, therefore we still have a convex optimization problem. By com-
puting the dual solution 7. ; of (]ﬂ[) we obtain a subgradient ¢} , = =B 7 |
of KT_1(‘75%71) at Tr_o. We can now calculate the expectation of the subgradients
gr—1 = K¢, [9%71} and obtain a new cut for the value function at stage 7" — 1:

vp_1 (@) = lr-1(2) == vp_y (Tr-2) + (9r-1,7 — Tr—2). (102)

We proceed this way for t =T — 2, ..., 1 until we are left with the deterministic first stage
problem
min {fi(x) +Vo(2) © A1z = bi} (103)

This completes one backward pass. In the forward pass, we sample a set of scenarios
(&1,65, .., &8P k =1,., K from the scenario tree for a K < N. Then by solving
with the current approximations V, of the expected cost-to-go function, for each scenario
k, we obtain a sequence of candidate points (Z%, 75, ..., 7%). To start the algorithm, we
need a first guess for the value function approximates. We can either skip the forward
pass in the first iteration, starting the backward pass with randomly selected feasible
candidate points. Or if we have lower bounds 6; for the expected cost-to-go functions, we
can initialize the cut approximations V, = 6,.

The SDDP now consists of a forward- and a backward-pass in each iteration i. That

is in each i, we sample a set of scenarios (&§,&%, ..., &%), k = 1,..., K;. Then we run the
forward pass to obtain candidate points (7, z¥, ..., %) and update the cut approxima-

tions at these trail points in the backward pass. We run the algorithm ¢« =1, ..., N times
until we meet a stopping criterion. For a detailed discussion of convergence and stopping
of SDDP see Fiillner and Rebennack (2023).

Since its invention, there grew a large literature about SDDP and its properties, vari-
ants and extensions. It would go beyond the scope of this thesis to give a comprehensive
overview about this research. Convergence for linear problems with stagewise indepen-
dent randomness was first formally proved by Chen and Powell (1999). One of the main
assumptions for SDDP is that the random process is finite, which is not the case in most
real-world applications. Shapiro (2011) shows convergence and statistical properties of
SDDP if the true continous random process is discretized. Also Lohndorf and Shapiro
(2019) theoretically analyse how to deal with problems where the randomness is not
stagewise independent anymore but instead is markovian. Both in the original paper by
Pereira and Pinto (1991) and in most of the literature since then, SDDP is stated for
linear stochastic multistage problems with a linear objective function and affine-linear
dynamics. In this case the t + 1-stage value-functions are polyhedral and convex and
therefore the t-stage can be formulated as an equivalent linear problem, so the whole
problem remains linear. Girardeau et al. (2015) give a convergence proof for general
convex problems.

2Note again, that & is deterministic
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3.2 Saddle-point formulation

The dynamic programming equations of the MSSP read as ((95) which is an instance
of a more generic convex optimization problem.

V(u,§) = mm flz,c) +v(x,€)

(104)
st. Ar— Bu—be K

with convex objective f, v, closed convex feasible set X and closed convex cone K. v(-, &)
is a realization of the next-stage expected value function, conditional on £. Here the
previous stage x; and the realization of the uncertainty process up to time ¢, £ go into
this problem as parameters u and & respectively. The Lagrangian of is

L(z,y,u,&) = f(z,&) +v(x,&) + (Ax — Bu — b,y) . (105)

We assume that total duality holds for all parameters u, &, that is for every u, € there is
a pair T, ¢, such that

L(Z,y,u,§) < L(T,7,u,§) < L(z,7,u,§), (106)

which is the case if slaters constraint qualification holds. That is for any wu, ¢ there is
a ¥ € int X such that AT — Bu € int K. We call a pair (Z,y) which satisfies (106) a
saddle-point of the Lagrangian L(-, -, u,&) at (u,&). We call

;g%gg(ﬂ(x Y, u,§) (107)
the dual problem to (104) and
L
min max L(z,y, 4, ¢) (108)

the primal problem. We say total duality holds if

V(u,§) = minmax L(z, y, u, §) = maxmin L(z,y, u,§) = L(Z, 9, u,£) (109)
and call x a primal solution and y a dual solution. For many popular saddle-point
solvers for an objective function of the form f(x) + g(x) + f(Kx) there exists a variant
which only uses a linear approximation of g(x), therefore they only need an oracle for
the gradient or subgradient. This is possible since they only use first-order information,
i.e. (sub-)gradients. In this case we need to ensure, that the optimization problems
in the subroutines remain solvable by adding a proximal term ||z* — x||>. This is very
valuable for us, since in most cases we cannot evaluate the value functions v(z, &) but
we can compute gradients Vu(z, £) respective subgradients v'(§) € d,v(x,§) as in section
2.6l There we have that by computing a dual solution g(u,&) to (104), we have that
BTy(u,§) is an e-subgradient of V(u, ) at u, . We will now present an approach how
to solve the Multistage stochastic program by solving a nested sequence of saddle-point
problems. This approach generalizes the Dynamic-Stochastic Approximation algorithm
of Lan and Zhou (2021). Assume we have an iterative method to solve the saddle point
problem (({109)):

2L = SPS(2M oM o u, € X, K*, param) (110)
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where z*¥ y¥l denotes the history of previous iterates, v’ is a stochastic e-subgradient of
v at 2 ¢ and param is a set of algorithmic parameters like step-sizes etc. Note that
the uncertainty & in the stage-t Problem in determines the parameters, therefore
¢ =(c,A,B,b). We then have the algorithm (algorithm 3 in Lan and Zhou (2021))

Algorithm 1 The general DSA algorithm for three-stage problems

Require: Initial points (z1 zg z3) parameters €1 = (A1,b1,c1).

1: fori=1,2,...,N; do

2: Generate a random realization of 55 = (A%, B%, b’é, 022)
3: for j =1,2,...,Ny do
4: Generate a random realization of Eg = <A§, Bg, bé, c%) conditional on 5%.
5: for k=1,2,...,N3 do
k—1]  [k—1 Ca o

6: (x5, 5, 75) = SPS (2l 1 10,22}, X3, K3,0%, 7k nf).
7 end for
8: <;z§,g3) Sty wh (e, uh) / 02, wh

. 1 1 S
9: (IJQ7y27y2> _SPS( [2] ]7 éj ] (B]) y37 i— 17&27X27K379%7T§777%)'

10: end for

1 (3h,33) = X272 w) (xé,yg) /ZN

12 (ai,ui,58) = 8PS (of Tyl (BY) yé,Oyﬁl,XﬁKi,@i,T{}ni).
13: end for

14: return (:Y:l,gjl) = Ei\[:ll wi (xi,yi) /21:11 wt.

where w’s are the weights of the ergodic averages. Most of the time their are set to
1, but we will leave them undetermined here for full generality.

3.3 Dynamic Stochastic Approximation

Lan and Zhou (2021) use the PDHG method from Chambolle and Pock (2011) as a
subroutine to solve the upcoming saddle-point problems. Their paper is to the best of
our knowledge the first publication formualting MSSPs as a nested sequence of saddle-
point problems. Here we present the main proof with some preliminary assumptions
to ease notation and to focus on the main ideas of the proof. In particular, we set the
weights wy, of the averaged solution to 1 and the parameters 7, 7, are fixed to n respective
7 within each stage. Furthermore the extrapolation parameter in the PDHG-subroutine
is set to 1 as in Chambolle and Pock (2011). Then the PDHG iteration to solve the
saddle-point problem at each stage reads

Yk—1 = 2Yk—1 — Yk—2,

xy, = argmin (b+ Bu — Az, jx_1) + f(z) + (x,v") + 7D(x, x)_1)
2eX (111)

yr, = argmin (—b — Bu + Awxy,y) + QHZJ — ypa|?
yeK 2

where D(-,-) is the Bregman distance w.r.t an a-strongly convex distant generating func-
tion 1. Define the diameter of the set X as

0? := max D(y, ) (112)

z,yeX
Define the primal-dual gap function

Q(z,2) :=(y,b+ Bu — AZ) + f(Z) + v(Z)

—{y,b+ Bu — Ax) — f(z) — v(x) (113)

The first result gives a bound for the gap-function at each iteration.
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Lemma 3.1. We have for any 1 <k < N and (z,y) € X x K,

Q(zk, 2) + (Alxr — ), Uk — Yr—1) — (A(@p—1 — @), Y1 — Yr—2) — (A(@k — Tk—1), Yo—1 — Yr—2)
<7 [D(x, x-1) — D(@,21) — $l|ze — zoa|P] + 21y — ve—al* = lue — yl1> = 1y — ye—1|*]
+ (Ap—1, 21 — ) + (M + |G| [|oe — 2 || + €
(114)

We want to use the Lipschitz continuity of v to get an estimate for v(zy) —v(x) in the
gap-function: We assume that for a stochastic é-subgradient G}, of v at xj there exists
M > 0 such that

E[[|Gill;] < M* Yk >1 (115)

We define the bias of the subgradient-estimator Gy, as
Then v is Lipschitz continuous with Lipschitz-constant M and we have

v(xg) <v(xp_1) + Ml|xg — 21|

117
< o() + (g 1), 2 — )+ M|ms — 7] + 7 (117)

by the definition of an ésubgradient. Furthermore we have

(9 (p-1), Tp-1 — ) = (Gr1, Tp—1 — &) + (Dpo1, Tp1 — )
= (Gj_1, 25 — ) + (Gr—1, Tp—1 — xk) + (A1, T — ) (118)
<A(Gr-1, 76 — ) + |G- ll, 2 — Tpaa || + (Ap1, T — @)

Which gives us an upper bound for v(zy) — v(x):
v(xg) —v(x) < (Gr-1, 2k — ) + (Dp—1, Tpe1 — ) + (M + [|Gr—1|]) |2k — xp—1]] +€ (119)

From the first order conditions of the minimization steps in the algorithm we get the
following estimates (Lemma 1 in Lan et al. (2011))

(—A(zp — @), Gr—1) +f (1) = f(2) + (Gpo1, 7 — )
[D(z,xp_1) — D(z,x) — D(xp, 211)], VI € X,

Ny = ve=1|1? = Nk = yII> = lluk — ue—1l]?], Yy € K,
(120)

<rT
(=b— Bu+ Avp,yp —y) < 3

Summing both terms and plugging in we get

(—A(zp — ), Jp—1) + (—=b— Bu+ Axy,yp — y) + f(ar) — f(z) + v(zg) —v(2)
< 7[D(x,28-1) — D(x, 2%) — D(wp, 5-1)] + 3 [y — vo—1l > = vk — vl = vk — ve-1ll?]
+ (Ap_1, 251 — ) + (M + |G- ) ||k — l’k71||2 +e€
(121)
Now we deal with the first two summands in the first line

(—A(xp — ), Jk—1) + (—=b— Bu+ Azg, yp — y)
= (—A(zr — ), Pk-1) + (=b— Bu+ A(zr, + . — ), yr) — (—=b— Bu + Azy,y) (122)
= (—A(zr — ), Jp—1 — Yx) + (—b — Bu+ Ax,yp) — (—b — Bu + Axy,y)
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We have
(—A(rr — @), o1 — i) = (—A(xr — ), (Yr—1 — Yr—2) + Y1 — Yk)
(—A(xr — x4+ )1 — Tp-1), (Yr—1 — Yk—2))
— (—Alze — ),y — Yr—1)
(—A(Tr — Th—1)s Yo—1 — Yr—2) (123)
+ (—A(Tr—1 — @), Yp—1 — Yr—2)
< (ZEk - 513), Y — yk—l) )

Then becomes

(=b— Bu+ Azx,yg) — (—b — Bu+ Axy,y) + f(xx) — f(z) +v(xg) — v(x)
+ (—A(xr — xp—1), Y1 — Yr—2) + (—A(Tk—1 — ), Yp—1 — Yk—2) — (—A(Tk — T), Y& — Y—1)
<7 [Dx(z,25-1) — Dx(z, %) — &

e — zeaal*] + 2 ly — ve—tll* = Nye — vl = [k — yo-1]?]
+ (Ap_1, 251 — ) + (M + ||Gr_a||)||2k — 2ra|)? + 7,

(124)
which yields the estimate.

Theorem 3.2 (Theorem 3 in Lan and Zhou (2021)). If the parameters T and n in
satisfy

atn > 2||A|)? (125)

we have for any z = (z,y) € X x K
- 1 n N
Qew ) < = (TD<x,:co> + Dy — ol = Dy — P

+ Z { MGl | (A g — "”C>D e (126)

Proof. We sum both sides of (124]) over kK = 1,..., N with = 1 and y_; = 3o and obtain

I

Alzr — ), yp — Yo—1) — (A@r—1 — ), Yr—1 — Yo—2) — (A(Tr — Th—1), Yr—1 — Yr—2)]

sz

(Aley —2),yn — Yn-1) — Az, — Tp—1), Y1 — Yr—2) -
k=1

(127)
By the a-strong convexity of D we have D(zy, zr_1) > o/2||zp — zp_1||?

N

[T [D(z,x_1) — D(z,x) — D(xg, T)—1)]

o

=1
< 7 (D(x,20) = Dz, 2x)) + § (Ily — vol* = [ly — yn|?)

= (& ok — w2 + Bllye — yeall?]

k=1

+ 2 [Ily = yeal* = lye = yl1> = Ny — yer[1?]]

=2

(128)
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wich yields together

N

N
Z Q2 2) < —(Alzy — o), yn — yn-1) + Z (A(Tr — Th-1)s Y1 — Ya—2)
k=1 k=1

+7D(x, 20) = 7D (2, 2n) + 3y = woll* = 3lly — ywll?

N
- Z [%ka — xp|]? + %Myk—l _yk72’|2} = Fllyn = yn-all?
k=1

N
+ > [~k =zl + (Dot w1 — 2) + (M + [|Gra ||| |2 — 2|2 + €]
k=1

(129)
We have by the Cauchy-Schwarz inequality, the strong convexity of D and the parameter
conditions

— (A(ry —2),yn —yn—1) — TD(7, 2N) — %Hyw - yz\/—1|!2

o (130)
< [[Allllzy = 2llllyn = yv—all = Fllz — anll* = Fllyy —ynall® <0
and similarly
N
=3 [k = wal 4 g — yial P+ (A = 2a1) i1 —pe2)] SO (131)
k=1

which simplifies ((129) to
N
S Qe 2) < 7D, 30) + Hlly — wol? — 2lly —
k=1

N
+ [~k =z |+ (Apr, mio — @) + (M + (|G| |Jok — 2 |2 + €]
k=1

(132)
We have with the Young inequality —at/2 + b < b%*/(2at)
N N
> [ llon = @il P 4+ (M 4 ][Groal |l — i [] < 3 BFHIG=EE - (133)
k=1 k=1
O
Finally we arrive at (132)
N
> Qlar,2) < 7D(x,x0) + §lly — woll* — Hly — yw?
k=t (134)

+ Z [ MHle e (A 2y — ) + €.

Dividing by N and using the convexity of the gap function (), we obtain the desired
bound for the gap-function Q(Zy, z).
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To measure optimality, we will define the following gap-functions:

gap,(?) = max{Q(z;z,y.) : = € X}

gaps(2) := max{Q(z,x,y) + (0,y) : (x,y) € X x K.} (135)

In the proof of the next theorem, we need an essential lemma to calculate E [(Ag_1, 51 — z)].
This step was introduced by Nemirovski et al. (2009) (Lemma 2.1):

Lemma 3.3. For a distance generating function 1 with modulus o define the bregman

divergence (see Deﬁm’tion

D:X xX° >R,

(136)
D(u,z) :=(u) = [(z) + (Vip(z),u — z)]
Define the respective proximal map
Pl (y) = argr)r;in {{y,z—x)+7D(z,2)}. (137)
ze
Then for any u € X, v € X° and y we have the following inequality
, I 134
Proof. For the proof see the Appendix. n
In the euclidean case this gives us
2
(2 —u) < 3llu—all3 = 3llu— PI(y)l3+ 5= (139)

Now we want to use this lemma to generate an artificial sequence which we will later use
in the proof of Theorem [3.5|

Lemma 3.4. Define vy = x¢ and for k > 1

vy 1= PVTk_l(Ak_l) = argr?(in {(Ak_l, z) + %Hyk_l — zH%} ) (140)
ze
Then for any x € X
N 2
D (Aeer vy — ) < Flle— ol 4+ 35, R (141)
k=1

Proof. By using Lemma [3.3| with y = Ax_1,2 = 41 and u = x, and recalling that we
are in the euclidean setting, therefore a = 1, we have

2
(Ao, vior = 2) < 3l — vealld = 3l — el + 125212, (142)

Summing from k£ = 1 to k£ = N and omitting nonpositive terms on the right hand side,

we arrive at ((141). O

Theorem 3.5. [Theorem 5 in Lan and Zhou (2021))] Set § :== 1/N(n(yo — yn)). If the
parameters T,n satisfy assumption then we have the following estimations
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E [gap. (33)] < 1 (2057 + 3l —wol) + [22] v (143)
2. .
E [gap;(2n)] < 5 (2057 + Hllyoll?) + |2L] + ¢ (144)
3.
Efllol] < j%<mw* oll. +2,/70x + N[%ﬁ+4> (145)
4.

€

402 N +1 [(6M?
P+ AT T (B o)

E [[ly — gnl1] < lly« — o ; e (146)

T

Proof. Plugging in y, for y in (126)), maximizing w.r.t. x € X and taking expectations,
we have

_ 1 n N
E g, (o),0.] = (B + 2l = wll = 2l —

N
+E [r;lgz_( { ; [(Ak—h Tpo1 —T) + —(M+|IGT’“_1||*) + E} H )
(147)
where we have used that for two functions f(x), g(x), max {f(z) + g(z)} < max f(x) +

max g(x). If we define vy, k=1,..., N as in Lemma

N N N
max E (Apo1, 21 — ) p = E (Ag—1, Tp—1 — Vg—1) + max E (Ap—1, V-1 — )
zeX P P rzeX 1

N
< Q37T+ Z |:<Ak;—17$k:—1 — Up—1) + HA';;I”E]

k=1
(148)
Now by definition Eig, ,, [Ag] = 0. Thus we have
E[(Ag-1, 261 — 1)) = E [Em[k,” [(Ag_1, Tp1 — Vk—1>]}
=E [<E‘§[k_1] [Ak—l] y Lp—1 — I/k_1>] (149)

=0

Furthermore, since we assumed E [||Gk_1||ﬂ < M? and ||g (w1_1)||, < M we obtain with
the triangle inequality and the fact (a + b)* < 2a? + 2b?

E [|as-1]}] = EfIGe — g (1) [1] < E[(IGsall, + llg (we-r)ll)7] < 4M> - (150)

Therefore,

N
2M?
<STHY - (151)
k=1

N
max E (Ap_1,x)1 — )
rzeX =1
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Also
E [(M +|Gx-1ll,)’] < E[2M? +2||Gy 2] < 4M? (152)

which together yields the estimate 1.. To proof the estimate 2., we add (J,y) on both
sides of ((126). We have

- 1
Q(zn, 2) +(0,y) < (TD(w,20) + 1 [3llvo — yllZ = Sllyw — yllZ + (vo — yn, v)]
N
+ Z [<Ak—1,$k—1 —z)+ w + g]>
k=1
1 2
<% (TD(ZE, z0) + 3llyol* + 35 [(Ak_l, Ty — )+ WG ED

(153)
We take the maximum w.r.t. (z,y) € X x K, and take the expectation to obtain

)

With the same estimate as in the proof of 1. for the expectation-term on the RHS, we
get (144). To show 3., we first fix = z, in (147) and use the fact that Q(Zx, T4, yx) > 0
to obtain

1
E[gaps(Zn)] < N (Qgﬂ + gHZ/OHz

N
2
max {Z [(A;H, woy — x) + PGl E] }

(154)
+E

(M+||GT;C71H*)2 + E] .
(155)
Again, we take expectations and use the same technique for the expectation of the last

summand on the RHS to get

9E [lly. — P < 2087 + Bl — woll® + 0, [2L +¢] (156)

E ||y« — ynll] < 2\/%9;( + Iy — woll + /2N [% +E] (157)

This equality together with the fact that by definition

n
211y =yl < Qe+ Hllye = woll? + X0, [(Aeorsmns =)+

which implies

1
[[o]] < N(n(||y*—yoll*+IIy*—yNH)), (158)

yields ((145). To lastly proof 4., we first observe, that (156]) holds for any yx, k=1,..., N
and hence that

4 [l — wall?) < 2087 + Hlly — ol + S0, [ +¢] (159)
2 T —
E [lly. — el ] < 50 + llye — woll? + 2k |82 + ] (160)
We use this, the convexity of || - ||? and the definition of gy
_ 40% 1 2 _
E [lly. - gwlI7] < 255 4 ||y, — ol P+ 2 |22 4 ¢] B2 (161)

O
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Now we will cite two Corollaries from Lan and Zhou (2021) where bounds for the
quantities from Theorem are obtained for certain parameter settings.

Lemma 3.6 (Corollary 6 in Lan and Zhou (2021)). Let M be the bound for the subgra-
dients of the subsequent stage. If we set

no=7=max {88 5|Al}, me=n=V2Al, YI<E<N,

(162)

E [gap. (2x)] < \/5||A||2(QQ]2V+|Iy*—y0||§) i 4%9 te (163)
E [gap; ()] < ﬁ||A||2(z]sVz2+||yo||i) N 4\/%9 te (164)
E[[5].] < 2/Alklv—wl. #4142 | 2M(¢61|/ANH2+\/§) n \/W (165)

E [lly. — g [2] < llye — goll; + 402 + 2EAME 4 SR 4 (NEDE (166)

Proof. We only need to check that the parameter set in (162)) satisfy (125). Then this
follows directly from Theorem 3.5 [

For these parameters, we can make E [||d]],] arbitrarily small by increasing N in ((165)),
but cannot bound E [||y. — yn]|? in (166). For that we need to use a slighlty different
set of parameters.

Lemma 3.7 (Corollary 7 in Lan and Zhou (2021)). If we set

T =T = max{%ﬁ,%} and n, =n = V2N||A|]2,V1 <k <N (167)
then
— V2||A292 A «—y0||24+4V3MQ | —
E [gap, (2)] < 2EL0E 4 Al o 4av3lS 4 ¢ (168)
_ A||Q2 A 2443MQ | —
E [gaps ()] < 2AI° 4 IAelnlfaviun o (169
2V2(|Allz |ly«—yoll. +4y/ MQ[All2 | 2MV6||A|M 3][Alle
Ef[}d]l.] < % + 2RO AR (170)
_ 2 2 2 €
E [y, - 7ll?] < . — woll? + 22 4 252 | e ()

We have estimates for optimality gaps and dual variable norms for the iterates of one
saddle-point problem. Now we need to connect these results at each stage in order to
get asymptotic convergence rates for the solutions of the Multistage problem. We have
the following important result, guaranteeing the e-optimality and Jd-feasibility of a point
Z for the generic saddle point problem ({109)

Lemma 3.8 (Lemma 8 in Lan and Zhou (2021)). Let z, be an optimal solution to (109).
If there exists a random vector 6(§) € R™ and zZ € Z, such that

E [gap;(2)] < e, (172)
then

E [f(i'v C) + U(J_j) - f(l'*, C) - U(:L’*)] =< €o,

1
Az —Bu—-b—-90€ K, a.s.. (173)
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Proof. At first we see that

f(&,0) +0(T) = (s, 0) — v(z) (174)
[l

Now if we choose N large enough such that the right-hand side of is smaller
than an €, we know from Lemma [3.8|that zy is an (e, §)-optimal solution of and by
(170) with an appropriate choice of N we also can bound d in expectation by €. In the
folowing we summarize Lemmas 10 and 11 and Theorem 12 from Lan and Zhou (2021),
which use the previously established bounds for a one-stage saddle-point problem to give
bounds for the solution of the saddle-point formulation of the MSSP.

Theorem 3.9. Let € be our desired accuracy. If we run Algorithm 1 with the parameters
at stagest =1 and t = 3 set to and for the inner loop t = 2 set to and the

last stage iteration number N3 set to

_3V2[|A]12[292 4]y 5—4311?]

€ Y

Ny : (175)

(176)

then Bngg is a stochastic €/3-subgradient of the expected cost-to-go function vs at xé_l.

Moreover there exists a constant My such that |vs(x) — v3(y)| < M3||x —y||s Vz,y € X2,
and

E[|IB"RIF] < M3 (177)
And if we set for the second stage
, 2
N, — (12\/§|lA||QQ>§ N {G(IIAllz||y1,2—2468||2+4x/§M39) , (178)
(179)

then BTyl is a stochastic 2¢/3-subgradient of the expected cost-to-go function vy at x} .
Moreover there exists a constant My such that |ve(z) — va(y)| < My||lz —yl|2 ,Vz,y € X?
and

E [[[BT5|2] < M3, (180)
And if we set for the first stage
6v/2]|A]2 [202+ ||| 2
N, max{ [ ||2[ﬂ6+\|y L] (24@429) | (181)

614l (v2

€ €

y=1 =90 [|+20+3) n (6\/3M2(‘/§||A”+1))2} (182)
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then there exist vectors 03,09 and 01 s.t.

E[f3(z3) — V3 (Z3,83)] < €/3, (183)
Ai’g — Bfg - b3 - 53 =0 a.s. (184)
E{llosll:] < €/3, (185)
E[f2 (Z2) 4+ v3 (Z2) — V2 (71, &2)] < 2¢/3, (186)
AZEQ — Bii‘l — b2 — (52 =0 a.s. (187)
E[[6].] < 2¢/3 (188)
and
E[fi (z1) + v (1) — (fi (z) + 0% (2,))] <, (189)
Afi‘l —b—51 =0 a.s. (190)
Efll:[l] <€ (191)

Proof. For the proof see Lemmas 10, 11 and Theorem 12 in Lan and Zhou (2021). m
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3.4 Alternating Direction Methods of Multipliers

We now want to present an alternative method to solve the saddle-point problems which
might give us better control over the feasibility of an approximate solution by penalizing
constraint violations with a quadratic term in the objective. We again assume that the
cones K in are trivial, that is we only have equality terms in the coupling constraint.
Consider the composite optimization problem of the form

inf h(z) + g(Az), (192)

with closed convex set X, CCPs functions f : R®” = R, g : R™ — R and matrix A € R™*".
This is equivalent to the linear constraint convex problem

inf  h(z) + g(2),
rzeX, zeR™ (193)
s.t. Az = z.

Our generic optimization problem ({104]) is an instance of this problem.

min  f(z,¢) + v(,§) + L. omusey (2)
hex { J (194)
st. Axr =z,

parametrized through ¢ and u. We want to cast this problem in the framework of
monotone inclusions, and solve the monotone inclusion problem by applying Douglas-
Rachford-Splitting as introduced in sections - The resulting iteration is the
famous Alternating Direction Method of Multipliers (ADMM). In our case, g is only an
indicator function of a point set, which reduces ADMM to the classic Augmented La-
grangian Method (ALM).We will here treat ALM as a special case of ADMM and will
not refer to the classic ALM literature but to the more contemporary ADMM literature.
We will further introduce a more contemporary variant involving a proximal term, which
was introduce by Shefi and Teboulle (2014). Finally since we only have first-order infor-
mation about the value function-part v in , we present a variant of ADMM which
only uses a linear model to v in the iteration. This was studied by Banert et al. (2021).

Remark 3.10. Here we consider problems with linear variable coupling Ax = z, but this
can be extended to the more general case of affine linear coupling Ax + By = ¢, see e.g
Ryu and Yin (2022), ch.5.1..

For the presentation of ADMM we follow Ryu and Yin (2022). The Lagrangian of

!
L(z,z,y) = h(z) + g(2) + (y, Az — 2) . (195)

and therefore the corresponding dual problem to (193) reads

sup  — f*(=ATu) — g*(y) (196)

yeR?

As before we assuem that total duality (109) holds. We further introduce the augmented
Lagrangian associated with problem ([193), which is the Lagranian plus a quadratic
penalty term, penalizing the constraint violation with a factor p/2 > 0.

Ly(x,2,y) = h(z) + g(2) + (y, Az — 2) + §|| Az — 2]|3. (197)
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We apply DRS to the dual problem 1' We write f(y) = f*(—ATu). The goal is to
find ¥ € dom g* which solves

0€ —Adf (—A"y) + 09" (y) = 0f(4) + 99" (1) (198)

The Douglas-Rachford-splitting seeks to equivalently find a fixed point of the operator
%[ + %R Jof Fpog» With p > 0. The fixed-point iteration then reads (see section

Mk+1/2 _ JpBg* (¢k>
= T (22 = ) (199)
¢k+1 — wk + Iuk+l o /Lk+1/2.
With the identities and we can write this as
1 ¢ argmin {g(z) — <¢k, z> + §||z||§}
/uLk+1/2 —_ wk . pngrl
Pt € argmin {h(z) + (V¥ — 2p2", Ax) + £]|Az|[3} (200)
Mk+1 — wk + ijkJrl . 2pgk+1
wk-&-l _ Wg + ijkJrl B gk—f—l.

We can remove pFt1/2 and pFt?!

reorder to obtain
1 ¢ argmin {g(z) — <2/Jk, z> + gHBzﬂg}
"t € argmin {h(z) + (V¥ — pgt!, Az) + £|| Az — 1|2} (201)
L — ¢k: p(AGHH g1y,

By substituting y* = ¥* — pAZ* we get

~ . P ~ 2
FhHl ¢ argmin {g(z) — (y*, 2) + 5 HA:Ek — ZHz}

, as they no longer have any explicit dependence and

¢ arginin {h(x) + <yk+1, Ax> + g HAx - ék“Hz} (202)
Y =k (Ai,k _ 2k+1) .

We ultimately need to swap the order of the y**! and the 2+ update to get the correct

dependency structure and substitute 2**' = #* and z* = ¢* and obtain the celebrated
ADMM:

2" € argmin L,(x, 2%, y¥)

€ argmin L, (z"1, 2, 4F) (203)

yk—I—l — yk + p(A:L,k-i-l . 2k+1).
In our case, g is only an indicator function of a point set therefore the z-update in

ADMM vanishes and 2*¥ = Bu + b and ADMM reduces to the Augmented-Lagrangian
Method (ALM). The iteration then reads

"t € argmin { h(z) + (Y, Az +£ Az — Bu — b||?
min {h(x) + (4", Az) + | 13} 0
y" = yF + p(Az" — Bu —b).
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This reduction also applies to the following variants of ADMM but to give an overview
of the ADMM method in all generality we will always present the full iteration with
z-update.

3.5 Proximal ADMM

Let M, M, be two positive semi-definite matrices and define the induced seminorm
||u||3; = (u, Mu). Then the Proximal-ADMM with initial points (x¢, zo, zo) reads

2" € argmin {h(x) + (y*, Az) + gHAx — 2|3+ Lz — :L‘kH%wl}
: p
4 e agmin {g(2) = (o, 2) + ENATT 2B+ Hlls - MR, (209)
yk+1 — yk + p(Akarl _ ZkJrl).
We state the main convergence results of the Prox-ADMM from Shefi and Teboulle (2014).

Theorem 3.11 (Theorem 5.1 in Shefi and Teboulle (2014) ). Let (z*, 2*,y*) be a saddle
point of the Lagrangian associated with and let {xk,z’“,yk} be a sequence
generated by with My, My > 0 and p > 0. Define further the ergodic average
IN = chvzl z* and in the same manner Zy,yy. Then

1

L(zn.2ny) = Lz 2,5w) < 530 (Il = ol iy, + 11z = 20ll3, + Llly = woll§ + ol Az — 3)
(206)
In particular we obtain
* * C
h(Zn) + 9(Zn) +r||AZNn — 2Zn|l2 — h(2") — g(2") < ~ (207)

where ¢ = max {][o — aoll}, + 12" = 2l + 3lly — wl} + pllAa” — |3}
Yl=r

3.6 Function-Linearized Proximal ADMM

The Function-Linearized Proximal ADMM or FLiP-ADMM, only uses a linear model for
a one part of the composite functions A or g. In the most general way, we have h = hy+ho
and g = g1 + go with differentiable parts hy and go. In our model with h = f + v we will
use a linear model for v, using subgradient information. For the general case with also
only a linear model to a part of g, we refer to Ryu and Yin (2022), ch. 8.1.. Although in
the literature it is assuemd that hsy is smooth and we have gradient information, we only
have subgradient information of v. The iterates of FliP-ADMM applied to our problem

(194) read
2" € argmin {h(x) + <yk, A:c> + (v, x) + gHA:c — 2|2 + %H:C — :L'kH?wl}
- p
41 e argmin {g(2) = (o, 2) + Sl|ATT = 2l3 + 11z — 23y, | (208)

yk—H — yk + p(A.I‘k+1 _ Zk+1).

Note that here we assumed for FLiP-ADMM that v is differentiable. But we have only
access to stochastic e-subgradients of v. But since convex functions are almost everywhere
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differentiable (Theorem 25.5 in Rockafellar (1997)), this is not much of a drawback for
the algorithmic performance. For the case where v is L-Lipschitz smooth, we obtain the
same convergence rate for the primal-dual gap as in

Theorem 3.12 (Theorem 9 in Banert et al. (2021)). Assume M; — LId and My are
symmetric, positive semidefinite. Then for the ergodic sequences Ty,Zn,yn as defined

Theorem [3.11 we have
1
L (e = 2lBy, + 112 = 0l + 2lly = solls + il Az — 0]p)

(209)

L(zy,2Zn,y) — L(z,2,9n) <

We will use a slightly modified version of FLiP-ADMM, where we scale the dual step-
size p by an additional factor ¢ = 1/p such that it always is 1, that means the dual step
reads

ykJrl — yk + A:Ck+1 _ ZkJrl. (210)

From the literature, we know that to ensure convergence ¢ should be in the inerval

(0, 1:2‘/5) (Ryu & Yin, [2022), where the upper bound interestingly is the golden ratio.
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4 Stochastic programming formulation of stochastic
optimal control problems

Before we formulate a SOC-Problem, we have to make a crucial assumption about the
sequence in which the events occur in the modelled system. We can find us in one
of two possible types of stochastic control-systems regarding the order of control and
uncertainty: The hazard-decision-setting, where control u; for time-interval [t,t + 1)
is chosen after the uncertainty & during [t,¢ + 1) is revealed. These models are also
sometimes referred to as wait-and-see-models. Or the decision-hazard-setting , where
control u; is chosen before the uncertainty & is revealed. This is sometimes referred
to as here-and-now-setting. When modelling a SOC-Problem, we have to cautiously
incorporate this control-uncertainty-order into the model. We present for both cases the
SOC-model and then transform it into an equivalent SP-Model. Let us first deal with
the hazard-decision-setting.

4.1 Hazard-Decision-Model

In the hazard-decision-setting, the evolution of the system over time is
Il—)£1—>U1—>[I)2—>€2—)Ug—)"' (211)

with 1 and &; are known and deterministic. Suppose we are given a discrete-time stochas-
tic optimal control problem of the form:

T
m%n E tzl Li(ws, ug, &) + Ly (2r41)
s.t. x1, & given,
andVt=1,...,T,
T =F (g, uh, &), as., (212)
Gz, ug, &) =0, as.,
Uy GZ/{tad,

Ty GXtad, Tr41 € Xtad,
o(uy) C o(x, &)

where minimization is performed over policies m = |7y, ..., Ty 1] with m = (24, u), t =
1.1, mryy = xry1, 1 € R™) up € R™. We incorporate the admissibility constraints
uy € UM, 1 € X into the objective by adding the respective indicator functions. The
specific form of the measurability-constraints o(u;) C o(zy, &) stems from the hazard-
decision-setting. Control u; is a measurable function only of the information revealed up
to time ¢, which in this case is xq, ..., x; and &, ..., &. To formulate this as a stochastic
programming problem, we define for t =1,...,T + 1

A= [, O] € RIX00570) 2

ad .__ ad ad
= X0 X U
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Note that the component-projection matrix A; only depends on the time index ¢ through
its dimension. Now we can write problem ([224]) as

T
myin E Z Li(y, &) + Ly (Arsayra)
t=1

s.t. x1,& given,
Ayyr = Fo(r1,61), (214)
andVt=1,...,T,
A1y =Fi(y, &), as.,
Gt(ytygt) :0, a.s.,
O-(yt) - O-(yt—hé-t)v
where we again have incorporated the admissible sets @ into the objective by indicator

functions. Here on the first stage we have part of the decision y; given, x1,&; and only
have to choose the control-part u; of y;. Therefore the specific form of the constraint

Ay = Fo(mhfl)-

We also can formulate this in terms of dynamic-programming equations. For ¢ =
2, ..., T define the value-functions

Vi(ye—1, &) = Hbltn Le(ye, &) + vegr (e, &)

st. Froa(ye-1,&-1) — Ay =0, (215)
Gi(yt, &) =0
and the expected value-functions
Ut(yt—17§[t—1]) = E&[H] [Vt(yt—l,g[t})] (216)
with the terminal value function
Vi (yr, §ran) = Loy (Ara Fr(yr, &)). (217)

At the first stage, we solve

Hg}ifl Li(y1, &) + v2(y1, &)

s.t. Ay =Fy(z1,&), (218)

G1(y1,61) =0
since Ly, is only a function of the nyyy xr;-components of yr,; and therefore ury; is
free. Since the final cost is a deterministic function of y7, we can define a value for &7y
arbitrarily since we need it only for notational completeness. By taking the realizations
parametrically into the t-stage DPE and taking the expectation over all future &1, ..., &7,

we satisfy the non-anticipativiy-constraint with this formulation. We can view (218) as
an instance of the more generic optimization problem

Via,§) = min f(y, &) +v(y, €)

s.t.  F(a) — Ay =0, (219)
Gy, §) =0
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parametrized through a and . From here on we can procede as in Lan and Zhou (2021).
The respective lagrangian of (219) is

Ly, A1, h2,0,6) = f(y,6) +0(y, &) + A (Fa) — Ay) + A3 G (y, &) + Iyaaly).  (220)

The primal problem is

yIél)l}Eld max L(y, A1, X2,a,8)  (P) (221)
and the dual problem is
g\l}%\:;( yrergljild E(y, )\17 )\27 a, 5) (D) (222)

If we assume convexity of the functions L;(+, &), v(+, &), g(+,&) for all £ and convexity of
the set Y and Slaters Constraint Qualifiaction, we have strong duality between (P) and
(D) and we can solve instead of (219) the saddle point problem (P).

4.2 Decision-Hazard-Model

In the hazard-decision-setting, the evolution of the system over time is
$1—>U1—>£1—>I2—>UQ—>§2—>"' (223)

with 21 known and deterministic. Here the SOC model is the same as in (224) except of
the measurability constraint:

T
m%n E z; Li(xe, u, &) + Lrya(2r41)
=

s.t. x1, & given,
and Vi=1,...,T,
T =Fi(w, ug, &), (224)
Gy, ug, &) =0,
up €UM,
Ty eXtad7 Tr4+1 € Xiﬁii-la

o(uy) C o(wzy).

Here, all information available at time ¢ is contained in x;, hence wu; is a measurable
function of x;, which is also called a state-feedback-solution. Here we can not transform
the SOC Problem into a SP in the same straightforward manner as the hazard-decision-
model, since we do not know the all parameters of the optimization model during the
period for which the decision has to be made. One possible way to model this is as a
chance-constraint SP with probabilisitc constraints. Therefore we must set permissible
tolerances € 4, €24, which are the maximal chances we are willing to take that a constraint
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is violated.
T

myin E Y Ly &) + Lrsa (Arsayrsa)
t=1

s.t. 1 given,
Ay = a1,
andVi=1,..,T, (225)
A1y =F (e, &),
P(Ge(ye, &) = 0] > 1 — ey,
Py € X% UM >1— ey,
o(Y+1) C o (Y1)
where again Ly (Ari1yre1) = ET+1(AT+1ZJT+1) + ]Iy%‘i I(ATHQTH)- Again we can for-

mulate this in terms of dynamic-programming equations. For t = 2,....T define the
value-functions

‘/t(yt—laf[tfl]) = Hyin E\g[t_l] [Lt(ytaft) + W+1(yt>f[t])]
s.t. thl(ytflaftfl) — Ay =0, (226)
P [Gt(ytaft) = 0] >1-— €1,
P [yt € XM x Z/Itad] >1— €9y

and at the first stage we solve

I%iln E [Li(y1,&1) + Valyr, &)
s.t. Ay =21, (227)
P[Gi(y1,61) =0/ > 1~ €11,

P [y1 € Xlad X L{fd] >1—e€;
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5 Microgrid Optimization

5.1 Modelling

Here we introduce the microgrid SOC problem from Pacaud et al. (2021). We then
transform into a MSSP as shown in the section before. We deal with a microgrid consisting
of a set of nodes N nodes and a set of edges £. The time horizon is T = 3 (in hours).
Denote N = |N| and E = |€|. At each node, there is a prosumer, an entity which can
consume and produce power. Some prosumers have a solar panel, some have a battery
in their home. All prosumers can exchange energy through the microgrid within the line
limits of the edges. Additionally every prosumer is connected to the wholesale market and
can buy and sell energy from/to the external grid. The residual load in each period, which
is solar-production minus consumption, is unknown in advance and therefore introduce
makes the problem stochastic. A central energy managment system (EMS) controls all
flows and control variables for every prosumer on the microgrid. In each period, the goal
of the EMS is to minimize the cost of electricity purchased from the grid and the cost
arising when energy flows through the edges of the network, possibly due to resistive
losses or a fixed toll for the edges. We take whole-sale electricity prices as given.

5.1.1 Variables and Parameters

All variables are stated in MW respective MWh.

State Variables
syt Storage state of battery . We impose the capacity limit 0 < s < S". Define the
admissible state set S := [0, Sn} .

Controls

ul = ufe" ul®" (u™): Amount of energy charged into resp. discharged from battery

and energy exchanged with external grid during time interval [t,¢ + 1). We impose the
—b,n

. b, .
power limits 0 < ui’c’",u?e’" <U™ U™ < ufd’" < 0. Note that we write the model
such that both flows from and to the battery appear as non-negative variables. The set

of admissible controls is U := [—Uﬂe’n,ﬁne’n} X [O,Ub’n] X [O,Ub’n]

Uncertainty

&' = dy: Electricity demand minus solar production during [t,t 4 1). A major advantage
of the Stochastic Approximation method is that it can deal with stagewise depenency of
the uncertainty process, therefore we will allow it here. If we want to refer to the history
of the stochastic process up to time ¢t we write fﬁ] = (&, ..., &)

Flows

At each node n we denote the power flowing into this node as fj* and at each edge e ¢;.
We have the node-edge incidence matrix C' € {—1,0,1}"*¥. The edge-flows are non-
negative 0 < ¢f < @, and for the node-flows we have F? < f* < F,

For alle parameters and variables u?,ufc’",ftnﬂ etc., if we write them with an upper
index n (or e), we mean the respective quantity at node n (edge e). If we leave out
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such an index, we mean the vector of the quantities at all nodes (edges). For example
be, 1 be, N
u?c = (utc 7"'>utc )T S RN? qr = (Qtl’ qg) € RP
We impose that all nodes are identical, that is we have for all controls and states n
and e the same admissible sets.

5.1.2 Dynamics
Battery dynamics

The state of the battery at time ¢t + 1 is
C," 1 n
sy = sy + AT (%ulg — L ) (228)
Vd
with ay being the roundtrip efficiency and 7,4, 7. are the charge resp. discharge efficiency.

5.1.3 Balances

Local load Balance
n __  nen el,n be,n bd,n
Je=u " —dy" =+ uy

Network flow balance
We make a simplified physical model and model the network dynamics with Kirchhoff’s
current law. That is we have the network-flow balance equation

Cgi+ fi =0 (229)

5.1.4 Objective function

The objective is to minimize the cost of electricity purchased from the grid and the cost
arising when energy flows through the edges of the network, possibly due to resisitve
losses or a fixed toll for the edges.

Cost of electricity
The cost of electricity purchased on the wholesale market during the time interval [t, £ +1)

Ly (sy',uf', &) = pf'uy®". (230)

edge cost
Transportation cost for energy flow ¢ on edge e is modelled by a quadratic function

I5(qf) = c5(qf) + cSaf + c§ (231)

with coeffictions c§ > 0, cf, c§. Note that this cost function is strongly convex.
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Battery degradation

To incorporate degradation of the battery with every charge-discharge-cycle into our
model, we penalize charging and discharging with a small extra cost. We therefore add

the term

bat,, be,n bat  bd,n
Py Uy — Py Uy, (232)

with p?® > 0. Note that ui’d’" > 0 by assumption.

5.1.5 SOC-Model

The SOC problem of the energy managment system then reads

i 5|3 o)+ )| g
X, U, f’ q t=1 neN acé
s.t. T = .i'l, 51 = 51 fix s (233b)
fPr= " —dp =" 4" 7 (233¢)
1
sy = apsy + AT (%u?‘*” — —ui’d’n)t =1,..,7T -1, (233d)
Yd
th + ft =1 s (2336)
spe Sy ey, fre Fe gf € v, (2331)
U(ut) - 0-(517 S 7615) (233g)

5.1.6 SP-Formulation

We now want to translate the microgrid model into a MSSP. We have that at every node
n, edge e and timestep ¢, the following must hold:

1™ — ubom 4yl — fn = gn (Local load balance (233c))

2. 5P = sy + AT (yeul®" — %ufd’”) (Battery Dynamics ([233d))

3. Cqi + f; = 0 (Network Flow Balance (233€))
4. sp eS8 ur ey, fr e Fl, ¢f € Q* (Admissibility of Controls (233f))

We first combine the states, controls and flows to a decision variable:

L ne,l be,l bd,l 1 p1  me?2 bc2 bd2 2 r2
Ty = (ut 7ut aut 78taftaut 7ut 7ut 7St7ft7"'7

nen ben  bdn  n oen T S5N+E
Uy y U y Uy 73t7ft7qt) ER

(234)

Since our final matrices will have a block-structure let us first define the block matrices.
Since the balances and the dynamics do not vary over time, the matrices will not depend
on the time index ¢. Define the matrices

uye ufc ufd sy [

1 -1 1 0
A=[10 0 0 1 0 | eR>,
0O 0 0 0 1
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ne be bd
U1 Uy Up—q St-1 Ji-1

0 0 0 0 0
B=| 0 ATy, -AT/v o, 0 | cRr®
0 0 0 0 0

Furthermore denote C™, n =1, ..., N the n-th row of the node-edge incidence matrix C.
Define the matrix

=)

t

o O

c" = € R¥>E.

X
2

The first row of A and B corresponds to the local load balance (233c]), the second row
to the battery dynamics (233d) and the last row together with the last row of C" to the

network flow balance (233¢]).

Then we define the block-matrices

A 0 ... C!
A — 0 A 5 c R3NX(5BN+E)
0 A CN
and
B 0 0
B = 0 B = R3N><(5N+E)
0 ... B 0

Define the right-hand side vector
b, = (d},0,0,d?,0,0,...,d"0,0)7 € R,
Further define the set of admissible solutions
Xtad _ [uad % §ad ]_—ad]N % (Qad)E‘

So in this model the vector b; introduces randomnes to the problem via the uncertain
demand for electricity and hot water. It is therefore a random variable. Rewrite the
objective function as

Telwe) =D o™ + > 1) + > ot (u™ — wp™")

neN ec& neN
The DPEs of the MSSP then read

r%iln jl(SC1> +’Z)2<$1,51) (235&)
st Az =b, (235b)
T, € X (235¢)
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and fort =2,....T

Ut(lft—hf[t—l]) = H%ltn E [sZﬁ(xt) + Ut+1($t,f[t])}§[t—1ﬂ (2363)
s.t. Al't — th—l = bta (236b)
zp € X (236¢)
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5.2 Numerical Results

In this section we study numerical behaviour of DSA when applied to the stochastic
optimal control of the microgrid model introduced above. We run the DSA with FLiP-
ADMM and PDHG as saddle-point solvers with different algorithmic parameters for
different sizes of the grid. Our goal is to study the convergence and feasibility behaviour
of the presented DSA-Algorithm. We call the DSA with PDHG as saddle-point solver
PDHG-DSA and DSA with FLiP-ADMM PMM-DSA, since in our setting we do not have
a z-update in the FLiP-ADMM, therefore it reduces to a function linearized version of
Proximal Method of Multipliers. To solve the upcoming quadratic optimization problems
in the primal step of PDHG and FLiP-ADMM we employ Gurobi v12.0.2 (Gurobi Opti-
mization, LLC, 2025). We assume that in the microgrid the power-demand minus solar
feed-in at each node d} ~ N(1,1/2), n € N, t =0, ..., 2| is normally distributed with
=1 and 0? = 1/2. Therefore randomness enters our model only in the RHS b; of the
coupling constraint . Note that it is also possible to optimize a model with random data
A, B and cost-function-parameter c¢. Here we have stage-wise independent randomness
but we emphasize that it is a major advantage of our solution approach that it can handle
also stage-wise dependent randomness. There is a comprehensive literature on scenario
tree modelling in general (see e.g. Heitsch and Rémisch (2009) Dupacova et al. (2000),
Pranevicius and Sutiene (2007)) and on modelling uncertainties in microgrids in partic-
ular (see e.g. Zakaria et al. (2020), Kumar and Saravanan (2017)). Also since we do not
possess reliable data for the wholesale-price and the transmission losses, which determine
the linear respective the quadratic term of the objective function, we manually set the
wholesale prices and the quadratic coefficients for the transmission losses. Besides the
stochastic case we also solved the problem for the deterministic case to understand con-
vergence behaviour. Therefore we set © = 1,0 = 0. The objective function and recourse
matrices are defined as in section [5.1] that is we have the objective function

J(z) = Z (2] Czy + p} 27 (237)

We set the factor for the quadratic transmission price to ¢§ = 1/2 and the following
electricity prices for each stage: py = 1, p1 = 5, pa = 10. Furthermore we set the battery
degradation cost p?® =1, t = 0, 1,2. To get a better sense for the inter-stage dynamics we
set the battery efficiency parameters oy, 7., 74 = 1. We also tested smaller values for the
transmission price ¢, but even for a price of zero, no substantial flows over the network
arcs are computed. This is probably since we model all nodes to have the same physical
properties and constraints. The terminal reward for the battery is R = 10 EUR/MWh,
that means we assume electricity price will be —10 EUR/MWh and therefore penalizes
a full battery with 10 EUR/MWh for each MWh which is in the battery in the end and
therefore encourage to use energy from the battery now.
We model three different microgrids with the following dimensions.

3In order to keep notation consistent with the Python code, in this section we enumerate the stages
with ¢t =0,1,2
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Model | N | E dim A | All2
mg3 | 3 | 3| 9x18 | 249
mg_10 | 10 | 8 30 x 58 2.59
mg_100 | 100 | 80 | 300 x 580 | 2.96

Table 1: Network models and optimization model size.

Figure 1: The three directed networks

We use the euclidean distance %|| - — - ||3 as the Bregman distance in the primal step
of PMM respective PDHG. Furthermore we impose the following bounds on the decision-
variables at each node, respective edge and each timestep, which define the admissible
sets X, t=0,1,2.

[MW] une ubc ubd s f q
LB -10 1 O O |0|-11]0
UB 10 | 2 2 121111

Table 2: Power-limits for nodes and edges

This means we set our model such that we can in every time step fully charge/discharge
the battery. Since the parameter setting in Theorem [3.9)are merely theoretical guarantees,
and N; becomes that large that it lead to impractical run times, we conducted a numerical
study with different parameter settings.

Benchmark-Solution

We know from Theorem that an approximate solution from a run of DSA satisfies
the constraints in expectation up to a error §. This means we can benchmark our model
by solving a deterministic linearly constraint quadratic problem, where the demand in
the RHS-vector b is exactly the mean 1 = 1. We compare only the mg_3 iterates to this
benchmark since for larger problems, we would loose sight because of the large number
of variables. The Benchmark solution reads
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g | a5 f
n=1
t=0 3 2 0 0 0
= 1 0 0 2 0
t= -1 0 2 2 0
n=2
t=20 3 2 0 0 0.0001
t= 1 0 0 2 0.0001
t= -1 0 2 2 0.0001
n=3
t=20 3 2 0 0 -0.0001
=1 1 0 0 2 -0.0001
t= -1 0 2 2 -0.0001
q/ a; q;
t=01]0.0001 0.0001 0.0001
t= 0.0001 0.0001 0.0001
t= 0.0001 0.0001 0.0001

Table 3: Benchmark-solution of mg_3 for all n, e

The exact objective values are

Optimal Value
mg-3 6
mg_10 0
mg_100 1400

Table 4: Benchmark Objective values

This solution is intuitive since it is economically optimal to buy electricity at the
first stage when the price is at 1 EUR/MWh and fully charge the battery, then only buy
electreity to satisfy demand at the second stage where the price is 5 EUR/MWh and leave
the battery full to discharge it to satisfy demand and sell 1 MWh back to the market,
when prices are 10 EUR/MWh in the last stage. Also we assume that a full battery will
cost us 10 EUR/MWHh, therefore we wont keep any energy in the battery. The arc cost
for transferring energy x is quadratic and is 1/2 2. Therefore no exchange takes place in
our network, since transmission costs are too high.

DSA-solutions

We solve 7 models, mg_3, mg_10 and mg_100, each with and without stochastics
with PMM-DSA and mg_3 with PDHG-DSA. We choose three different iteration num-
bers Niter(qsq = {[50,50, 50], [50, 100, 50}, [100, 200, 100]}. We choose N; in Niter;, and
Niter. larger than the respective Ny and Ny since (178) suggest to put more iterations
on the middle stage. This is also intuitive, since the second stage constraint violation
depends on xy and x; and the third stage constraint violation depends on x; and xs,
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therefore x; goes twice into the overall model. We run the mg_100-model only with the
first two iteration counts, since the last one would take unreasonably long. In our study
we especially focus on feasibility. The box constraints of Table [2| are always satisfied,
since we enforce them explicitly in the computation of the iterates with Gurobi. Whereas
the linear coupling constraints only go into the lagrangian with a mupltiplier term or
in case of PMM as a solver additionally with a quadratic penalty term. For PMM we
compare the two parameter settings

T p ©
t=0:1/10| t=0:10 |t=0:0.1
paramg [ t=1:1/10| t=1:10 |t=1:0.1
t=2:1/10| t=2:10 | t=2:0.1
t=0:1/10|t=0:01|t=0:10
param; |t=1:1/10 | t=1:10 | t=1:0.1
t=2:1/10| t=2:10 | t=2:0.1

Table 5: Parameter settings for PMM

and for PDHG we choose the parameter settingsﬂ

1/ 1/n
t=0:1/10 | t=0:1
paramg | t=1:1/10 | t=1:1
t=2:1/10| t=2:1
t=0:1/10| t=0:1
param; | t=1:1/10 | t=1:10
t=2:1/10|t=2:10

Table 6: Parameter settings for PDHG

Note that in the parameter setting param; at t = 0 we have ¢ = 10 which is larger
than @ ~ 1.6. But we still get interesting results. Even though Lemmas and
suggest larger values for 7 and 7 in PDHG-DSA |, we got better results for the smaller
parameter settings as in Table[6] For PDHG-DSA the parameter setting paramg and the
first stage of setting param, satisfy the parameter bound 77 > 2||A||2 (see Table (1] for
the respective norm of A).

We report for all models the sum of deviations from the linear coupling terms. Eco-
nomically this means we would have bought/sold too much energy, resulting in an imbal-
ance in the Balancing group. This would lead to an activation of positive resp. negative
balancing energy, resulting in costs. Since by German federal law StromNZV §4 it is
prohibited to trade against balancing energy, possibly in expectation of a more favorable
balancing energy price than the market price, we have to enforce this constraints and can
not put them, multiplied by the expected balancing energy price, into the objective.

We run the computations on a 2024 MacBook Pro with M4 Chip. The computation
times are in the order of

4Note that in order to maintain consistency with Lan and Zhou (2021), the stepsizes for PDHG are
stated in the inverse form compared to the step sizes of ADMM.
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Na Nb Nc
mg-3 90s | 180s | 1400s
mg_10 | 110s | 220s | 1720s

mg_100 | 630s | 1240s | 9792s

Table 7: Computation times in seconds

We see in Table [7] that the time-complexity grows moderately with the problem di-
mension, especially the step from dim A =9 x 18 in mg_3 to dim A = 30 x 58 in mg_10
result only in a small relative increase in computation times. This is due to the good
scaling of the underlying Gurobi-solver with respect to the dimension of the problem.

When comparing results for the mg_3-model solved with PDHG-DSA and with PMM-
DSA, we see from Tables [9] and [I7] that especially for the later stages, PMM-DSA gives
lower relative errors for the constraints then PDHG-DSA. We also see the bad oscillation
occurring at the solution process of PDHG-DSA in Figure 2| In comparison the trajec-
tories of PMM-DSA for the mg_3-model in Figure [3| are more monotone. These findings
align with our intuition since PMM penalizes quadratic constraint-violation and also the
quadratic term in the objective leads to smoother trajectories since the iteration-sub-
problems are strongly convex with larger modulus p.

Interestingly, in our setting adding stochasticity to the problem does not make results
much worse, in fact for some parameter-settings results for the stochastic model are by a
tiny margin better. Compare for example the sum of constraint violations of mg_10 and
mg_10_stoch in Tables [12) and15] A possible explanation is that due to the stochasticity,
the solver gets not stuck at an oscillation equilibrium since stochastic perturbations lets
iterates deviate from oscillation equilibrias. This can be seen in the plots of the constraint
violation at stages 1 and 2 for mg_10 (Figure 4 and mg_10_stoch (Figure [7)).

The obtained objective values in Tables [23|- [28| are quite off the benchmark objective
values in Table 4l This is especially the case, if relative constraint violations are high.
Compare for example mg_10 and mg_10_stoch. Here, again stochasticity seems to lead to
better convergence results. A next step towards better convergence behaviour would be
to use adaptive step-size policies.

When using DSA for the operation of a microgrid, we are confronted with the problem
that DSA is only pracically solvable up to 3-5 time steps due to its exponential complexity
in the number of stages. But a typical microgrid optimization would need to optimize over
96 time steps, corresponding to the 24 quarter-hour products traded in the Continous
Intraday-market. Nevertheless, a possible deployment of DSA would be as an online
optimizer. Then we would add a value function to the last stage, incorporating all future
gains/losses of the day as a function of the state. Such a function could be externally
estimated. We additionally would require it to be convex. In this way we could run
DSA in an online manner to get optimal trading decisions for the next 3-5 time steps
and update at each step the distribution of the uncertainty and the value function for
the remaining trading products.
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6 Outlook

We presented a framework to solve stochastic optimal control problems with first order
methods for large scale saddle-point problems. We first formulated a SOC as a MSSP
and then generalized the approach of Lan and Zhou (2021) by incorporating different
first-order methods to solve the upcoming saddle-point problems in our specific problem
of controlling an electric microgrid under uncertainty. In particular, we thereby overcame
the slow feasibility convergence of the PDHG-method used by Lan & Zhou. In energy-
system applications feasibility of an approximate solution is crucial to sustain the stability
of the network. We finally did a numerical study of the performance of the different
methods for the solution of the microgrid problem.

This thesis is the first part of a research project in which we want to thoroughly study
and analyze the potential of first order methods to solve stochastic optimal control prob-
lems. Here we focused on the conceptual framework and collected numerical intuition.
The next step will be to analyze the mathematical properties of the methods presented
here. That is we want to obtain convergence rates and error bounds of the methods intro-
duced here. Besides the Proxmial Method of Multipliers presented here, we also want to
calculate convergence rates for variants of PDHG like fully intertial PDHG as presented
in Chambolle and Pock (2016) and other refined versions of existing saddle-point problem
solving algorithms. These methods all stem from an operator splitting and are therefore
closely related, but have slightly different convergence properties. For a good overview of
these relations see chapter 3 of Ryu and Yin (2022). It will be part of our investigation to
see if there are variants of operator splittings which are better suited to our MSSP appli-
cation than others. Or if it even might be possible to state the problem in a modular way
and choose the solver for the upcoming saddle-point problems for each problem instance
separately. Since the choice of the algorithmic parameters for most of these methods is
still a research topic even for the static case, we will have to specifically pay attention on
how to choose these parameters in the dynamic programming context. Especially there
are variants of these algorithms with adaptive step size policies, see e.g. Chambolle et al.
(2024). It might be also useful in our stochastic context to apply an adaptive step-size
policy. All these operator splitting methods also have different properties in balancing
feasibility and optimallity. Depending on the specific problem we want to solve, we need
to take this into account.

We fixed the number of stages to T' = 3. This was done for two reasons. On the one
hand, the T' = 3-case reveals the full problem structure and we believe it will be straight-
forward to generalize our findings to the 7' > 3 case. On the other hand, since the number
of overall solutions of a saddle-point problem grows exponentially in the number of stages,
even for the T' = 3 case the computation for realistic problem sizes takes minutes to hours.
Since electric power is traded within 15-min time-slices, computation times which well
exceed 10 minutes would be unacceptable.

Our approach solves a MSSP, which means if we want to solve a SOC, we first have
to transform it into a MSSP as presented in section Therefore as part of our future
research we will also investigate how to apply first order methods to the DPEs which
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come directly from the SOC. The DPEs for a SOC problem read

min  fi(zy, ug, &) + Ve (@41, 5[::})

sit. mpq = Ay(xy, ug, &)
Gt(%,“nft) =0 (238)
T € Xy, up € Uy
o(ut) C o(x, &)

with a linear dynamic A;. This is exactly the form of variable coupling ADMM can
deal with. So when investigating how to solve SOC Problems directly with first order
methods, ADMM will be our first method under consideration.

Another research direction in this area builds on the Dual Approximate Dynamic Pro-
gramming (DADP) method (Barty et al. (2010), Pacaud et al. (2021), Leclere (2014)).
This method solves a distributed optimization problem by dualizing the coupling con-
straint and then optimizing the network flows. Their iterative scheme is based on Dual
Ascent. It might be interesting to see the effect of replacing the dual ascent subroutine
with a splitting method. Also, here convergence bounds and choice of parameters are
the open questions one needs to address. Finally, it might be interesting to compare the
DSA first order methods with the standard DADP and also the modified DADP with the
Dual Ascent replaced.

All these approaches rely on the fact that we are in the hazard-decision setting, that
is the random variable & which acts during time period [t, ¢+ 1) is revealed before making
the decision for time period [t,¢ + 1). This allows us to take the random variable as a
parameter into the dynamic programming equation at each stage. It is not clear if and
how a saddle-point problem based solution method can be deployed for decision-hazard
problems as presented in section . It would be another research area to build up
theory how to formulate DPEs in this context.

For the modelling of the microgrid underlying our optimization we choose a very
simplified approach. We model the grid coupling by a simple linear equation representing
Kirchhoff’s current law. For deployment of this control algorithm by an energy grid
operator, it would be necessary to make a more physically accurate model. This could
make the solution of the problem harder since AC-power-flow equations are non-linear
and even non-convex.

With this thesis we lay out the main points of a first-order approach to stochastic
optimal control. We analyzed all the components and got promising first numerical
results. Now it will be our task to plug the modules together in order to come up
with a convergence analysis of the proposed first-order methods for stochastic dynamic
programming.
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7 Appendix

7.1 Proofs
Proof of Lemma [3.3]
Proof. Let x € X° and define v := P,(y). Since v is of the form argmin .cx {w(z) + (p, 2) },
v € X° and thus ¢ is differentiable at v. As V,7D(v,z) = 7(V¢(v) — V(x)), we get
from the optimality conditions of
(T(VY(v) = Vi(x)) +y)T(v —u) <0 VYue X. (239)
For u € X we have therefore
T(D(u,v) = D(u, x)) = 7[t)(u) = V()" (u = v) = ()] = 7 [(u) = Vip(2)T(u — 2) — ()]
= (1(Vp(v) = V(2) + )T (v —u) + ¢y (u—v)

=7 [(v) = Vip(2)T(v — 2) — ()]
<y"(u—v)—71D(v, ).

(240)
With the Young-inequality we have
yT(x—v) < Iyl —|—B‘|$—U||2. (241)
T 21« 2 2
and 7D(v,x) > Z2||x — v|[3 since D(-,z) is a-strongly convex. Together we get
TD(u,v) —7D(u,z) < y"(u—v) — 7D(v,x)
=yT(u—z)+ yT(:UQ— v) = 7D(v, z) (242)
[lyll2
<y (u — LAY
<yllu—o)+ 5
[l
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7.2 Tables

PDHG
Niterg Niter; Nitersy
t=0:0.0646 | t =0:0.0606 | t =0:—0.0394
paramg |t =1:2.8662 |t =1:4.1294 | t=1:4.3170
t=2:46329 | t=2:3.8350 | t=2:4.2629
t=0:0.0606 | t=0:0.0606 | t =0:—-0.0394
paramy; |t =1:3.2100 |t =1:4.4574 | t=1:4.4781
t=2:5.7000 | t =2:4.3476 | t=2:4.4244
Table 8: Sum of contraint violation mg_3
Niterg Niter; Niters
t=0:0.0192 | t=0:0.018 | t=0:0.0135
paramg | t=1:1.0831 | t=1:1.4869 | t =1 :1.4867
t=2:12081|t=2:1.0347 | t =2:1.1024
t=0:0.018 | t=0:0.0186 | t =0:0.0135
paramy | t=1:1.0068 | t =1:1.4520 | t =1:1.4755
t=2:13742 | t=2:1.1235 | t =2:1.1205

Table 9: Relative constraint violation mg_3

Nitery | Nitery | Nitery
paramyg | -4.1204 | -5.8083 | -2.7459
param; | 8.7786 | 8.2536 | 7.0571

PMM

Table 10: Objective Values mg_3

Niter, Nitery, Niter,.
t=0:-0.1191 | t=0:-0.1203 | t =0 : —0.0600
paramg | t=1:0.6214 t=1:0.4687 t=1:0.1329
t=2:2.2287 t=2:19037 t=2:35118
t=0:-0.0002 | t=0:-0.0052 | t=0:—-0.0834
param, =1:1.2524 t=1:1.5591 t=1:0.7272
= 2:2.2268 t=2:27715 =2:3.4184

Table 11: Sum of contraint violation mg_3
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Niter, Nitery, Niter,.
t=0:-23831|t=0:-23046 | t =0: —1.2085
paramg | t=1:13842 |t=1:-28069 | t=1:8.9193
=2:14.2326 | t =2:11.7336 | t =2:11.2040
t=0:-22358 | t=0:—-23268 | t =0:—1.2635
paramy | t=1:11.7563 |t=1:—-6.3316 | t=1:8.9274
t=2:145335 | t=2:11.8544 | t =2:11.2040

Table 12: Sum of contraint violation mg_10

Niter, Nitery
t=0:-12.2005 | t =0: —12.1556
paramg | t=1:27.6426 t=1:20.4376
t=2:116.0926 | t =2 :100.6798
t=0:-10.8383 | t =0:—10.8057
param, | t=1:33.0749 t=1:36.7089
t=2:136.9764 | t=2:114.3195

Table 13: Sum of constraint violations mg_100

Niter, Nitery, Niter,.
t=0:-0.1190 | t=0:-0.1201 | t =0 : —0.0600
paramg |t =1:—0.5558 | t=1:—-0.6061 | t=1:0.5436
t=2:34517 t=12:1.8739 t=12:3.9772
t=0:-0.0005 | t=0:-0.008 | t =0:—-0.0733
param, | t=1:0.2085 t=1:0.5039 t=1:1.2959
t=2:3.4665 t=2:2.3847 t=2:3.6829

Table 14: Sum of constraint deviation mg_3_stoch

Niter, Nitery, Niter,.
t=0:00021 |t=0:-0.0019 | t=0:0.0014
paramg |t =1:—-0.5144 |t =1:-0.3791 =1:2.2243
t=2:94155 t=2:9.7570 t=2:8.0698
t=20:0.2898 t=0:02985 | t=0:-0.0344
paramy | t=1:2.0289 t=1:3.1328 t=1:2.9976
t=2:94192 t=2:9.2632 t=2:9.0316

Table 15: Sum of constraint violations mg_10_stoch

Niter, Nitery,
t=0:—-11.9908 | t =0:—11.9891
paramg | t=1:15.1187 t=1:18.4519
t=2:133.8596 | t=2:134.1373
t=0:-87828 | t=0:-9.2516
paramy | t=1:34.3462 t=1:6.3745
t=2:123.5259 | t =2:129.4561

Table 16: Sum of constraint violations mg_100_stoch
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Niter, Nitery, Niter,.
t=0:0.0281|¢t=0:0.0284 | t =0:0.0141
paramg |t =1:04315 | t=1:0.2663 | ¢t =1:0.1002
t=2:0.8365|t=2:0.8248 |t =2:0.9784
t=0:00174 | t=0:0.0226 | t =0:0.0197
paramy |t =1:0.6344 |t =1:0.6237 | t =1:0.2974
t=2:08364 | t=2:0.8857|t=2:0.9683

Table 17: Relative constraint violation mg_3

Niter, Nitery, Niter,.
t=10:0.168509 | t =0:0.162968 | t = 0 : 0.085453
paramg |t =1:0.139834 | t =1 :0.280757 | t =1 :0.891932
t=2:1.083824 | t =2:1.003162 | t =2 :0.999955
t=20:0.168044 | t =0:0.167355 | t = 0 : 0.089390
param, | t=1:1.176021 | t =1:0.633140 | t = 1:0.892741
t=2:1.097041 | t =2 :1.005783 | t =2 :0.999955

Table 18: Relative constraint violation mg_10

Niter, Nitery,
t=0:0.0863 | t =0:0.0860
paramgy | t=1:0.4049 | t =1:0.2678
t=2:09774 |t =2:0.9385
t=0:0.0769 | t =0:0.0766
param, | t=1:0.4595 | t =1:0.4292
t=2:1.0642 | t =2:0.9717

Table 19: Relative constraint violation mg_100

Niter, Nitery, Niter,
t=0:0.02807 | t=0:0.02832 | t =0:0.01414
paramg |t =1:0.61438 | t =1:0.50353 | t = 1:0.26840
t=2:1.08625|t=2:0.77950 | t =2 :1.12861
t=0:0.01745 | t=0:0.02410 | t =0:0.01729
paramq |t =1:0.79248 | t =1:0.75979 | t = 1: 0.42668
t=2:1.08886 | t=2:0.81748 | t =2 :1.10027

Table 20: Relative constraint violation mg_3_stoch

Niter, Nitery Niter,
t=0:0.00088 | t =0:0.00098 | t =0 :0.00024
paramg | t =1:0.52154 | t=1:0.38670 | t =1:0.33735
t=2:0.99710 | t =2:1.04098 | t =2:0.91978
t=0:0.02992 | t =0:0.03387 | t =0 :0.00291
paramy |t =1:0.70838 | t =1:0.63171 | t =1:0.38935
t=12:0.99715 | t =2:1.03172 | t =2 :0.95281

Table 21: Relative constraint violation mg_10_stoch
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Niter, Nitery,
t=0:0.08479 | t =0:0.08478
paramg |t =1:0.66714 | t =1 :0.55397
t=12:1.19864 |t =2:1.21834
t=0:0.06670 | t =0:0.07334
paramy |t =1:0.80853 | t =1:0.56994
t=2:1.14742 | t =2 :1.22529

Table 22: Relative constraint violation mg_100_stoch

Niter, | Niter, | Niter,
paramg | -6.7139 | -4.2921 | -4.7685
paramy | -6.9795 | -13.7602 | -5.1939

Table 23: Objective Value mg_3

Niter,

Nitery

Niter,

paramg

106.68

127.11

148.37

param;

126.41

138.81

149.01

Table 24: Objective Value mg_10

Naiter,

Nitery

paramg

779.27

869.78

param;

789.98

859.34

Table 25: Objective values mg_100

Nater, Nitery, | Niter,
paramg | -14.1563 | -16.4302 | 1.9276
param, | -14.8944 | -22.9641 | 1.6001
Table 26: Objective values mg_3_stoch

Niter, Niter, | Niter,
paramg | -34.8858 | -19.0519 | 5.6173
paramy | -35.7420 | -21.9483 | 7.6591

Table 27: Objective values mg_10_stoch

Niter,

Niterb

paramyg

163.02

336.76

param;

64.84

607.47

Table 28: Objective values mg_100_stoch
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Figure 3: Convergence plots of [s-norm of constraint violation and objective value of mg_3
solved with PMM-DSA
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Figure 4: Convergence plots of l[;-norm of constraint violation and objective value
mg_10 solved with PMM-DSA
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Tool Purpose Where
ChatGPT Checking English grammar and spelling Throughout
ChatGPT Python code generation All Python files
ChatGPT Table generation Sec. 7.2
ChatGPT Figure formatting Sec. ,
ChatGPT LaTeX code debugging Throughout
DeepSeek Python code generation All Python files
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Github Copilot LaTeX code debugging Throughout

Github Copilot
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All Python files
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